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ABSTRACT 

This paper analyzw the quantitative and fiituational structure of algebra story problem*, 
uses these materials to propose an interpretive framework for written problem solving pro 
tocols, and then presents an exploratory stti<ly of the episodir structure of algebra utory 
problem solving in a sizable group of inathematicaHy competent subjects Analyses of writ 
ten protocols compare the strategic, tactical, and conceptual content of solution attempts, 
looking within these attempts at the interplay between problem comprehension and solu- 
tion. Comprehension and solution of algebra story problems are complimentary activities, 
giving rise to a succession of problem solving episodes. While direct algebraic problem wiv- 
ing is sometimes effective, results suggest that the algebraic formalism may be of little help 
in comprehending the quantitative constraints posed in a problem text. Instead, competent 
problem solvers often reason within the sif uational context presented by a story problem, 
using various forms of -model ba*ed reasoning" to identify, pursue, and verify quantitative 
constraints required for solution. The paper concludes by discussing the implications of 
these findings for acquiring mathematical concepts (e.g.. related Imear functions) and for 
supporting their acquisition through instruction. 
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(•o.,f,o.,.«l with >n .lp.b,a story p,„|.|o„,. , student faros a f„„.U.....„taJ «.,t <.f "ill 
strurtntd p.ohlom- (Newell. 1969; Si.non. 1973). The problem text give« i„f„,.„atl«„ 
about initial and goal states, hut state transition operators taking the text into a quanti- 
tatix-e.v,lution are hardly well defined. Eve,, assuming the student has an adequate grasp 
of mathematical principle, and operator, within the formalisms of arithmetic and algebra 
(e.g.. the distributive property of multiplication over addition or using algebraic .ubsti- 
tution). a solution to the presented problem i. often obvious only in retrospect. Rather 
than searching for a solution path in a well-defined .pace of representational states, the 
problen. solve, I. more likely to be searching among a .pace of dternative representation, 
in a,, attempt to make the problen. routine or familiar. Omitted or incorrectly introduced 
con.traint. within the problem replantation c«. lead to prolonged and often meaningless 
calculation., and may encourage otherwiu sophisticated problem «>lver. to give up entirely. 
Information-processing models of ill-.tructured problem wiving remain elusive. 

This state of alTair. might be puKling but acceptable if algebra story problem, were 
transient disturbance, in the secondary school curriculum. However. the«i problem, recur 
a« a general task throughout the mathematic. curriculum and are even found in the quan- 
titative section, of entrance cxa.ninatior.. for professional .chool.. If prevalence alone i. 
an i,.sufficie„t basis for study, the unique role of these problem, in bringing mathematical 
ro,„,ali.m. into contact with everyday experience recommends them highly. Viewed from 
within the c|..,sroom. story or "applied" problem, provide .tudents with an opportunity 
to validate acquired mathematical abstractions in more familiar domains (e.g.. traveling or 
.hopping). Viewed in a wider context, these problems may provide a curricular n.icocosn, 
of a central pedagogical problem: transfer of training from the algebra classroom to stu 
dents' later educational or life experiences. Interpretations derived from either vantage are 
controversial. For example, we have anecdotal evidence that these problems are avoided 
by «.n,e teachers as being too difficult fo, both student, and teachers. On the other hand. 
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studies of iiiathoinatirs in prartirr mw-sI that "roal w<,rld" rurrir uUf iiutcrials iiuy havr 
little forrcspondenfc with niatlipiiiatiral problnns or their bolutioii id "real life** (Uve. 
1986, 1988). Kor psycliologist& and c^lucatiinialists alikp, the pruhlfiii is to fHerminp how 
applied problems are solvwl by roinpeteiit problem solver* and bow arquiMlioA of that 
competence might be supported. 

(Insert Table I about here.) 
Algebra story problems of the sort shown in Table I have heen studied extensively by 
cognitive and educational psychoIogisiB, toth as a representative ta«k for niaaem«(ical 
problem solving (e.g., Ilinsley. Hayes, k Simon, |977; Kilpatrirk, I967j Mayer, Uuitu It 
Kadane. 1984; and Paige k Simon, 1968) and as experiment;U materials for studies of trans 
fer (e.g., Dellarosa. 1985; Reed. 1987; Reed, Dempster, k Ettinger. 19H5, and Silver, 1979. 
1981 ). Many studies treat problem solving as an opa<|ue process with an iii^pot table output 
(i.e.. correct or incorrect) and duration. Manipulations in problem <onlent tir prn^ontatioi: 
are introduced, performance data are collected, and inferences are drawn concerning hypo 
thetical problem-solving mechanisms. In contrast, much as in Kdpatrick'searly work (1967) 
and subsequent studies of mathematical problem solving by Lucas (1979) and Schoenfeld 
(1985), we have choten instead to present subjects with reprewntative problems and then 
to observe and analyze their uninterrupted responses in some detail T|,u approach t^ade^ 
experimental control over the problem solving setting for a richer (fJheil interpretive) view 
of problem-solving activities. In addition to finding whether or not a fcubject has gotten a 
problem "right." we are at least partially able to e-xploro the solution strategies that s»l> 
jects select and their tactical course in achieving wdutions, right or wrong We fi»i«l lhi& a 
useful approach to charactefiring what competent proldem f^dvers actually do when M>lving 
th«w problems (i.e.. a succession of strategic and tactical efforts). This characleri/ation 
18 a neceasary first step towaids finding methods for supporting avqiiiMtion of competent 
problem-solving behaviors. 
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Wltoii .J«.rfil,|«g twMs or alKclira M.iry prohicni solving, we will ,liaingin.sli hclw^ n 

the gnirmtHH^ and ,>m/if (iiy raparily ' „r models (foni|mlalioiiaI or other w.so) as siiccessivo 

approximations to a robust instrurtioiial theory. A model with generative rapacity uws an 

expressive langtiage for describing problems and their solutions :o produce descriptions of 

prohleni solving activity that obey certain conitraints. For example, given a language that 

15 adequate for expressing arbitrary algebraic exprctiioni, we might like to generate only 

those expressions .hat reflect mathematicaj relations stated directly in a story problem ti-xt. 

^or various instructional purposes^ thin is an improvement over generating all syntactically 

nermlsf-'ble algebraic expressions, but it .alls well short of addressing typical instructional 

problems e.g.. why or how has a iitudent generated seme particular algebraic expres- 

*imiR? This cort of predictive rapacity will rctj'Jirc considerable extensions to the expressive 

laiiRi.agc (e.g., a notation for interme<liate representational states) and to constraints uM 

re^trif t the process for generating algebraic expressions (e.g.. a vocabulary of justiHcations 

for a subject's choices amon^f alternative problem solving activities). Civen a sufTiciently 

expressive la:;guagc and a'- appropriate* set of constraints, a model may ^^cneratc dcscrip^ 

tions that correspond closely with students' activities. When this correspondence is of high 

fidelity i.e.. the model answers questions of why or how in a psychologically plausible 

fAshioii it can be used to support a variety of important instructional tasks. For example. 

a prHictivc model of algebra story problem solving niight be useil to diagnose students' 

err«r.s, to plan tutorial activities, or even to provide basic instructional materials. 

Work reporled in this paper approaches a predictive model by presenting descriptive 

languages for problem solving activities, examining constraints that arise from interactions 

betw<H»n these languages. *nd then exploring pioblcm solving behaviors observe<l in a siz 

abl e group of competent problem so lvers. In the first section of the paper we examine some 

• Wr *ir not ArftMUs fw f ipliAAtoiy MAr<iuuy i> tkf .mtc uMiJiy rtwrv^xl foi bnnuittir ikrorif. (CKom 
lily. tV6S) Ur modrU diwutsrd it, thu pijn^r »(>proi^h dcwnphve t»Ml do aot ytl piopo.* 

btloii|;ri ^-oMlruAU oa Arquiiing proMfm mIvirk comp<Uiic« 
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basic ...alcriaU .,,,1 .,f whirl, alKol.ra ^l.,rv ,.,..l,|,.,„s ,|,o„ ,„. co.,.l,„cl,.l 

Our w„,ki,.g l.y,,otl,,.^i^ ,s Ih.l ,„ .,„|.., ,„ , ^ ^ ,..,.,«...„t»t,..„ ,.f * 

prohloin. Kuonors ,„„»l «sc,i,l,lo ,,,M„l,lMiv.- ro„,l,m.it$ W, tl„. g,,,,),,,,, „f ,1,^, ,„ 

dcrilinding of the „lv„t,onal r,.n(„( prcsciHci l,y II,.. »l..ry |,r„l.l,.,„ | r.„,.rxt 
not only m » vohiric for the .|.,a„lil.livo prol.l..,,,. I„,i ,|«, a U»u„-w.„V for j„slify.„K th. 
oxUlonro of qu»„liuiivo r«„.i,»,„is ,„.| „,„.„cU,.»„M.ips A. r„,.l,„glv. *e „*„„,... 
Iho ,,„»„l|,»,|vc an,l siluall„„a| .„.cl.„c „f lyp.ral MRcl.ra Mory p,ol,|.,,„. ,„.| „.„. 
rfprcsenlalivc prolileint ii, ll,r pxploralory i>tiiily 

In Ulor «cli,.n. of the p»pcr w.. »ni,|y„ ,h, written protorol* of H5 upprr ,hv»loii 
co.np»ler .cicnrr ,ind«Rr».l,ulr, who w.re „.,| ,„M,ow ll„ir work wl.c„ ^..IvinR fo-.r. 

r.pro»,„l»livc algel,r» .lory pr„|,|..„„. a icrprolivo fr*,.,rw„,k v..|„,,„l i„ wh.cl. 

» written «,lution »ttc>»pt is .livi.kl i„t„ a «.ri« of rohwnt proMn,, soIvihr r,,i«„Ie. 
y^h of th«e episode, i. ro,led aIohr » .et of r»t,.Rorios r..n.-.fi,K s.rM-Ki, ,„d l^ticl 
role, conceptual content, rnanipulativeor conceptual error., and reUl,o„,l„p t,. .varrou,..)„K 
epiwde.. Exploratory analyie. of the .core.1 protor.d. prov,de .-v..!,,,,.. f„r the frequency 
with which various prohlen. Mdving behavior, occur within N,ihi.^ts- Md.it.ou atle,„pt.. the 

content and outcon«e of the "n„al episode." .lurinR wh.ch .«l,>.,t* ,o„. ,h.,r rfTo.l*. 

»nd the role that "model b»«sl rea..ini.,K" plays •» s.d,.t alt 0 f „„r ,r„tral 

finding, i. that competent proble«ii «dver« frequently o„R>f,r,„ p.ol,l..,„ solving acl.v.t,.* 
••out.ide" of the traditional a,gehr*,c for,«allKn, Tho«. artiviti.-s. I,a>,..l «„ a„ analyuK 
of protocol result., often take the form of constructive and ,.|al,„ra.,v.. prohleni «.lvi,.g 
inference, within the situ.tional context pre.ented hy an algehra Mory pmhlen. TheM- 

findings are interpreted a. evidence for .•> model of qnanl.tal.v.. pr em s.dv.nR ,n which 

mathematical formalisms {e.g . algebraic e,pr« .) ,,r,.v,.l,. » M.,„e.,i„... „M I.kJ for 

comprehending quantitative constraints |,i the .livdissmn .section. «e rehtr this „„„M t.. 
existing accounts of matlien.atiral pr.d.lem solving. a„.| ihm ...iiside, tl.r. ,almn,..f 
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llipso RndiiiRS for acquiring nutlioiiiatiral cnnropls (e.g., rtlaUtl linear ruiifli* ns) and r.»f 
supporting ttioir arqiiisition through inslrtirtiun. 

PRODLEM STRUCTURE 
lloforo proscnting our exploratory study, we er.aniine the domain of algebra story prob 
loins at two Wis of abstraction; the i^uatHUaHve structun of related mathematical entities 
and the sttuatioual strurturt of relate<l physical entities within a problem. The central ac- 
tivity IP our model of problem solving is to Rnd convergent constraints through constructivt 
elaboration of a problem representation. Structural abstractions ex.Mnined in this section 
give two basic materials for such a constructive process. Ultimately, these and other levels 
of analysis may provide a relatively complete domain "ontology" (Grecno, 1983) for algebra 
.story problems and other silnations that give rise to mathematical problem solving. For 
the purposes of this pa^^er, we want to identify materials that can provide a descriptive 
vocabnlary fnr behavioral observations presented in later sections and can assist our intu- 
itions in framing a model of problem solving, learning, and teaching within this dorr.ain. 
■| heso materials can play several roles: aji a description of the task of solving algebra stnry 
prolileniN, as a hypotheJical account of the representations held by subjects during the so- 
lution process, and as an illustrative medium for teaching. This section focuses oi, task and 
represenlrtiuial issues; the utility of cpiantitaUve and situational structures in education is 
examined in the disc ussion section. 

Quantitative structure 

lly the tpiantilalive hirncture of algebra story problems, we mean the mathematical entt 
ties and relationships presented or iniplie<l in the problem text. A particular problem » a a 
**MrHctHre" al this level of analysis to the extent that the relationships between inathemat- 
ir.il entities take a disttnguishalde fori i when compared with other algebra story problems. 
Of foiirM», there might be many ways of characterizing the quantitative structure c»f an 



arbitrary problem or group .>f ostensibly related problems e g., a.s alg««braic equations or 
as matrices of c«>eincient.>. Hobrow ( l«)fiH) uses algebraic etpialions us a rammical internal 
representation of meaning for st«>ry problem texts, while Kee«l et al. ( 10K5) use equations 
to define the a pnon .similarity of problems and their snlutmn procedures. The language of 

algebraic equations may be .si..Ticient for analyzing the task of algebran iiiaiiiptiUt hnl 

it is lej»8 useful when the an.lyMS is to include what students actually understand and iim> 
while learning to M>lve algebra story problems. 

A network language of quantitative entitiea. We start with a conceptual frame 
work originally proposed by Quintero ( 1981, Quiiitero k Schwartz, ) and later extemh^l 
by Shalin k Bee (1985) and (ireeno (1985. 1987. Greeno. Ilrown, Fo*,. Slialin, llee. Lewis. 
k Vitolo. 1986). The framework serves all three roles mentioned ahov.v as an analyMs of 
task structure, as a hypothetical account of subjects' representations of algebra pr«)l>|ems, 
and as an instructional medium. Our interest m this work i» twof.dd hir.st. we will use the 
framework as a means for describing constraints essential for problem .s<iliiti(m. alihoiigli 
several additions to the framework would be necessary for it to w rve a.s a representalmnal 
hypothesis. Second, we will employ some aspects of the franiex^ork lo «le.scrihe how an 
arbitrary pair of problems might be considered similar for pnddein .solving piirp«»ses 

Shalin k Bee (1985) describe the mathematical .stnirtiire of an algebra Mory pnddeni 
as a network consissting of quantitative elements, relati«ms over those elenienls. and loni 
positions cf these relations Quantitative elements are divided iiilo four Imsm types, an 
extensive element denotes a primary «pi.intity (e g., som«* number of niih .r hours), an 
intensive element denotes a map lietwwMi two ex»ensives (e.g.. a molioii ral«' relates Intir 
and distance); a difference element poses an additive contract «,f two exiensivi's (eg., oiir 
time interval is 2 hours Iniiger than another); and a factor elenienl gives a ni.iltiplKa 
tivc comparison of two exlensives (e.g., one distance is twice anolher) Composing these 
elements according to their type yields quantitative relations A qnaitlitative relation is 
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ilofiiio,! as an arithiiirtir operation (i.e.. a.l.lilion. Mihlrarlion, mulllpllfalion. or diviMon) 
rolatinR three quantities. For example, tho fact that a trajn traveling 100 kin/h for A/i hours 
covers a liistanre of 550 km can be expresseil as a relational triad over two exleiisivcs (550 
kilometers and 5.5 hours) and a single intensive (100 kni/h) as shown in Figure I. ^:arh 
riement prcsenteil grap'^ically as a box containing several expressions. The shape at the 
lop of the box designates element type - e.g.. a rectangular top designates an extensive, 
a triangular top an intensive. 

(Insert Figure I about here.) 
As an additional level of structure, relational triads can be composed by sharing various 
quantities to yield -problem structures." These are quantitative networks describing typed 
quantities and constraints among them. As shown with solid lines' in Figure 2(a). a single 
quantitative network can b* used to graphically represent the problem of trains traveling 
in opposite directions (problem MOD from Table 1). Sharing a common lime, Ivvo rates 
combine through multiplicative triads to yield parts of the total distance. These parts are 
combined in an additive triad to give a single extensive quantity representing the total 
distance. Figure 2(b) shows aquantit%tive network corresponding to the round trip (MRT) 
prtiblein. In both networks, tlie term -output" serves as a generalization over distance and 
^ork. 

laken Iggether. quantities^ relations and structures provide a language for describing 
the quantitative form of particular algebra story problems. While a variety of equiva^ 
lent graphical languages might be used (e.g., parse trees for arithmetic expressions), this 
language gives explicit representational status to mathematical entities, associates a quanti- 
tative type with each, and incorporates a metaphorical sense ofstoragc for holding semantic 
information (e.g.. textual phrases) and ir.ier mediae calculations. Constraints on the arith- 
luetic conjposition of typc<l quantitative entities restrict the space of possible quantitative 
^I'oflioAs of the network m d&«h<d Ime* wdl be di«ctt*»«d tkorlly 
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foLitions ((;reom) t t l9K(i) I «r oxauipli-. the inuliiplirativoconiposih.nl of intensive ^nd 
extensive quantiti^ (rate and time) in Figure- I ,s allowe.!. while an additive r«m|u,siti«n 
of the same qnantities would bo ilisalluwed. (;reenn (1987) points out that roiistramis ar^ 
also available from compositional restrictions on tho units of meaNnrement for qnantitie^^ 
although the network language docs not pre^ently incorporate these* constraints. Finally, 
the interconnectivity of a quantitative network supports a form of written algebraic rairn 
lus. Expressions can be propagated through the network with the goal of finding convergem 
constraints on the given unknown. 

(Insert Figure 2 about here.) 

Quantitative networks provide a visually accessible notation for comparing the structure 

of different algebra story problems. However, the notation and roinpositional constraint* 

do not specify which of the perinissihie quantitative structures a subject might generate 

when solving an algebra story problem. For example, the quantitative network shown 

with solid lines in Figure 2(a) describes the opposite direction problem fl/(rr .several crucial 

inferences have occurred: component distances have been mferreel within the total of HHO 

kilometers, and a single extensive quanlity for travel time has been rorrecti) inserted in 

the network. For the same problem, consider elaborating the qnaiitilative network to 

include network components shown with dashed lines in Figure 2(a) We might iinagti • 

a subject inferring that the given rates can be adc.ed. The resulting rombined rate (16U 

km/h). when multiplied by the unknown time, gives the total .listanre without adding 

constituent distances. During empirical studies with this and siniiUr preiblenis, we find 

considerable variety in the solution approaches taken by dilferent subjects a.s well as by 

individual subjects within a single problem solving effort. 

The - tworks shown in Figure '2 are idealize*! graphical repre^entatnms of problem 

*Aii i»lrucl>oii*l tool developfJ by Sfhw.iiz (mi) enforce, umt fonilr«nU to hrl». uvr. irid 
ev«t fdcuUlioM. ptrliculirly when u.ing mien.ive quwiiHe. Thompwn (|9«8| (omhnr^ qntnlitMitr 
nel»ork» And umt fOMlrwot* in inuther tool nametl "Word rroblcm AsmMant * 



10 



.irurinr. a.s they n.igl.t ho consinKie<l hy proMon. «,1ver, who nndcrslan.l the quaniiiaiivo 
.u'twork Ungua^e ami a,o ahl. to use the language to comprehend a„<l solve algehra story 
proMems. Thc^ networks give a particular quantitative representation, hut their content 
Is largely the result of inferential processes that draw on other knowledge sources. These 
process^^s „.ay include: recognising quantitative entities directly contai.ied in or i,nplied 
by the problen, text, composing these entities into local relational structures, composing 
relational substructures into larger problem structures, recognizing familiar substructural 
arrangements, and detecting when constraints «e.ufficient for solution. The results of each 
action lie within the quantitative formalism for which Shalin & Bee^s (1985) framework 
provides a functional description. However, the enablement conditions for these actions or 
the knowle<lgesources that support them lie pwtly outside the formalism. These issues are 
explored further when we consider the situational structure of problems. 

Quantitative network, a, problem classes. Quantitative networks provide an 

analytictoolforexamiuingaspectsofquantitativesimilarity. At thelevelofentire problems, 
this approach gives a stronger basis for mathematical similarity than simply noting common 
equations. At a „,ore fine-grained level, there may be significant areas of substrnctural 
iioinorphism in globally dissimilar problems. 

The problems from 'n.ble I can be grouped into structurally similar pairs as follows- 
A/O/VH^r and AfHT/Wa Each problem in a pair is a ^quantitative isomorph*^ of the 
other, as shown graphically in hgure 2. In the A/OO/IVrpair. extensive* for kilometers 
traveled correspond with those for parts of a job completed (outputi and output2). In the 
A//e7/irC'pair. a round trip travel extensive corresponds with an extensive for boxes filled 
and then checked (output). Comparing problems within each pair, extensive and intensive 
n«antilies play identical roles in the surrounding network structure. However, when com- 
paring problems across pairs, structural roles of similar quantitative entities change or are 
even reversed. For exan.ple. the additive extensive relation for combined distance (or work 



output) in Figiiri •i(a) is hically similar to the additive ext.MiMvr rrlati.iii for roinhiiied 
time in Figure 2(l>), hut these rHatioiLN play very different roh•^ in tlu ir owrall iptanlila 
tive strurturei. hi geiirral, a specific (|uantitative network Mut^ ^n equivalence da&s of 
algeliraic prohIenL>.oacli of which may hive a d:jr< rent Mtnatioual lUNtautt.ition Of courM-, 
being directly similar in form d«M»s not mean that problems must be M.lved m the»anie way. 
Figure 2 presents the quantitative structure of problem materials requir«l for a quantitative 
solution. We could as well depict the quantitative structure of intermediate reprcwnlationdl 
states in subjects* solutions, an exercise :hat suuietiities leads to a surprising .se<|uence of 
graphical images as various conceptual error;, are introduced or repaired . 

Turning to a finer grained level of comparison, we can identify riaivses of problems that 
are similar to each other by sharing particular quantitative sul»strurtur<-s. A substructure 
is a subgraph within a larger quantitative network consisting of stated quantities, inferre.1 
quantities, and relationships among these quantities. For example, "current" problein.s are 
similar at a quamitative level because they contain an additive relationship between *hr 
rate of the vehicle (steamer, canoe, etc.) and the rate of the medium in which it traveU 
(current, tide. etc.). While other aspects of the quantitative structure for a i>air of cur 
rent problems can be dissimilar, such a shared substructure may contribute to subjects' 
estimates of problem similarity. As in the results of Hinsley ct ni i 1979), similarity judg 
ments at the level of •^river" problems may appear an educational failure: prohloni solvers 
acquire content specific categorizations when the true pedagogical gozl is to U .J.'Ute their 
learning of mathematical forms. Another interpretation is that quantitative MibslructtireN 
are learned through instruction and problem solving experience and thus form part of the 
underlying competence in this domain. Since particular substrurturefc are correlated with 
problem types, the resulting categorizations appear overly content specific. Il«»wevrr, there 
may be a functional or pragmatic basis for learning the5e problem classes: de^pite dissiiii 
ilarity of ovorall mathematical structure, sharwl quantitative siibNtrncture.s require similar 
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partial solution strat^ies. 
Situational structure 

Tlic quantitative network fnrnialism does not attempt to account for the prohlom struc- 
tures that subjects actually generate during problem solvinR, although som*; constraints are 
placed on combining quantitative types into relational triads. In this section, we examine 
another level of abstraction - the situational structure of a story problem - as a source 
or additional constraint when subjects construct a solution-enabling representation of an 
algebra story problem. Our view of the situational structure of an algebra story problem 
is not synonymous with what other researchers have called "surface content." Although 
surface materials like trains, buses, or letters are important problem constituents, and may 
be particularly so for novice problem solvers, we will nol focus on these materials. 

Instead, we present a language for describing the situational structure of "compound" 
algebra story problems involving related linear functions, and use the language in a detailed 
examination of problei % involving motion or work* (see Table 1). As with the quantitative 
network formalism, our language fur describing the situational structure of problems can 
play several roles: as an analysis of problem structure, as a hypothetical cognitive represen- 
tation, or as an educational medium. Here we develop a relational language for describing 
problems, argue for its utility In generating key problem -solving inferences, and then use 
the language to present a viewpoint on the space of possible algebra story problems that 
is complementary to problem classes based on quantitative structure. In later sections 
of the paper, we also use the language to help interpret various activities observed in an 
exploratory siuJ;' nf algebra story problem solving and then to consider the educational 
implications of these findings. 

A relational language of situational contexts. We present the basic terms of our 

•Motion Anil work ttt frcf)ufnlly u»<d m ihr telling for iloiy proLlemf ia tinthtk l*xU. compiuin^ 20% 
of An fxlensivf t*mplins by M*yer (1991), 
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relational language fir* folb>wed by an oxainpio of thnr use shown in Kigurc 3 < onipoiind 
motion and work problems are assenililiMl around related events e.g,. traveling in opposite 
directfons, working together, riding a bus and walking, or filling envelopes and checkiag 
them, In each event, an agent engages in activity that priMlures some output (distance 
or work) over a period of time. Ilen^e, output and time are the ba^ir dimensions tiat 
organize story activities. These activities start and stop with particular times Joiati»i«s, or 
work products that can be modeled as places along the appropriate dimension. IMace.s thai 
bound an activity define particular segments of output or time, and these segments i an |,e 
placed in relation to each other within a ronimoii dinieiision^. Hates of motion or work give 
a systematic correspondence between dimeiiPmns of output and time, ?.iid using rales in 
the solution of a quantitative problem requires a strategy for integrating these dimeuMons, 
Arranging output and time dimensions orthogonally gives a rectilinear framework m which 
rate is a two-dimensional entity. We model these rate entities a.s inclines that aAM>ciale 
particular output and time segments. Relational descriptions involving lyi»ed diinensiunb, 
places, segments, and inclines provide a language for expressing the situational context 
of an individual problem. 

(Insert Figure 3 about here.) 
The situational context of problem MO!) (from Table I) is .shown in Figure 3. Tarts 
(a) and (b) of the figure show place and segment representations for output (distance) and 
time, while part (c) of the figure shows an orthogonal integration of theM» dimensions with 
time on the vertical axis. In part (a) of the figure, trains traveling in opposite directions 
from the same station provide two spatial segments (Distance I and Distance 2) ftharing a 
place of origin (S) but with unknown places for destinations. These segments are roWincrtr 
and oriented in opposite directions. Since trains leave from the same place of origin, thew 
distance segments are also adjactnt and can be arranged within the horizontal dimension 

*S*4ment reUnoei wilhin a dimen»iOn *tf hlmiUr to Allen** (I9S1, I9«4| rrUtionfti tlmnphont of 
lempof a1 iniervdi. 

1-1 
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«hnwB in patt (<■! .if thf figure. In patt (b) of the figure, trains leave at the same lime (lO) 
and are wparalnl l.y «80 kilometers at some later lime, providing time segments ( l ime I 
and Tirne 2) that are roiiynirnl (i.e.. coinciding at all points) whe.T arranged within the 
vfttical dimension. We assume collinearity and the tame directional orientation for all 
time segments. Hepresenling rates of travel u two-dimensional inclines, part (c ) of the 
figure puts particular instances of output and time in correspondence (e.g.. 60 versus 100 
kilometers in the first hour of travel). Inclines can either represent a concrete situation, a. 
shown here, or an invariant relation between output and time dimensions. TVeating rate 
*» an invariant relation approaches the algebraic sense of rate as a linear function. Each 
interpretation enables different problem-solving activities, discussed below. 

Problem-tolving inference. bMcd on .itu.tlon.1 contexto. Before using this re- 
latinnal language to deKribe a space of situational context, for algebra story problems, we 
brirfiy conuder it. utility as » representation for problem K>Iving. First, we describe how a 
representation of situational context like that shown in Figure 3 could be constructed; sec 
ond. we consider how this relation^ description might be useful for problem comprehension 
and solution. Both are ongoing research questions that touch on the role of our situational 
laiiguage u a representational hypothesis and an inslritctional medium. 

On the issue of how these representations might be constructed (either spontaneously 
or as an educational exercise), we propose a series of conslniclivt infcrtnce, that operate 
nn » case frame representation* of the event, described in the text of a ci. . ,.,1 ..jgebra 
stnry problom. These inferences build a situational model of the problem by assembling a 
rolatiOBal d«cription of a particular situational context. Assuming the case frames contain 
roles that specify typed places and segments (e.g.. the starting location versus the starting 
time), we can model these roles as situational places and segments within output and 
liino dimension,. From these initial siluatinnal entities, a series of elaborative inferences 

..c'^IlrjT'," ' "'"fJ ■<P'"'»«stio. Kl.cn.» «d Ki«Uch fc 0,„„o (IMS) f„, 

""■IW of s c«K flsllK r<|>rn<glsllo. for the K.l of «ord uilbniclic problem. 
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identify places ,„d segments imphcil in the problem statement and relations over segments 
wilhin eac. dimension. What results is a relM.onal description of sitnational context as 
in Figure 3. Constructive inferences that assemble a relational description of situational 
context are similar to the comprehension strategies tha> KintscI, t, (ireeno (1985) „,e to 
tae propositional encodings of arithmetic word problems into a ba-v^d representation. 

On the issue nf utility, we suspect that segment relations within situalinnal .liinen. 
sions support the construction of quantitative representation, like the networks nf .Shalin 
tl Bee ( 1985). For example, knowing that .palial segment, are roHinear and cjjucut while 
time, axe conffnieni .upport. two u«!ful problem-«>lvl„g inference, in problem MOD: con. 
stituent distances car. be added to yield a tntal distance, and the rate, of each train can 
be added to give a combined rate. The fir.t inference i, a necessary quantitative constraint 
for solution, while the second inference effectively compresses the compound problem into 
a simpler problem which can be «>lved without extended algebraic manipulation. These 
are precisely the inference, about problem structure that were not accounted for in our 
examination of quantitative .tructure. For example, the netwnrk component, shown wi.h 
duhed line, in Figure 2(a) would result if a student decide.1 to add motion or working 
rates. Hence, in addition to constructive inferences that build a situalinnal context, there 
are also «.ns(ra,n(.,e„e™(i„3 in/eir nc« that take descriptions of situal,„i«.| .t,u, ,„„ 
quantitative relations. Each inference about a quantitative constraint, supported l,y rel 
evant situational relations, gives a substructural component i„ a larger set „f castraints 
that may enable a solution. 

It is also possible to use dimensions, places, segments, and i„cl,iies d.rrclly m a .«,|„t«m 
attempt by treating these representational entities as a m.>del of the problem mIiuIioii We 
will develop a general account of modrl ba,rJ rta^omng ^ a prnl.le,,, solving ta.l.r here. 
Following sections introduce operational categories fnr interpreting this tactit within the 
structure of written prolocnis and give an empirical a.counl of ,(s *„d ronse.,iiei.ce in 
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algebra story prohlcm solving. 

(Insert Figure 4 about here.) 
Placed within a single Jimenwon to model time or output, segments provide an explicit 
ipatial representation that enables a variety of problem-iolving operations like "copying," 
^•stacking.** -comparing." or "decomposing" thdr one-diMensional extent. Similarly, us. 
ing inclines as modeU of rate enables operstioni like -joining" or -icaling" their two^ 
diineniional extent. Joining, shown in part (a) of Figure i, places copies of the concrete 
incline along the diagonal in an Iterative f«,hion. Scaling. In part (b) of the figure, trests 
the incline as an invariant relation by estimating the extent of a segment In one dimention 
Mil then projecting that value through the incline to generate an associated extent in the 
other dimension. Each operation ia based on a different Interpretation of rate as a relation 
across dimensions, and each coor/<inales operations on associated segments within single 
dimensions. 

Both join and scale operations enable problem solving by model-based reasoning with- 
out requiring algebraic representation. Figure 5 shows solution attempts using join and 
wale operations on the opposite direction motion problem (MOD). TVeatlng inclines as 
foftcrole entities in part (») of the figure, the join operator enables an iterative simulation 
over five successive one hour increments in the time dimension. ThcM correspond to in- 
tormediate states in a two-dimensional model of the problem, successively constructed and 
tested against the given constraint of being 880 kil.>meters apart after a common interval 
«f time. Treating inclines as invariant relations in p. ^ t (b) of the figure, the scale operator 
enables a heuristic estimate of the prnhlem's final state by choosing five hours as the time at 
which the trains will be 880 kilometers apart ^nd projecting this choice of a common timf 
through each incline to find astociated distance segments. In both solution attempts, spatial 
relatinns within the two-dimensional mode) support and organize relatively simple quanti- 
tative operations like addition, multiplication, and value comparison. Thus, even withnut 
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utilizing the metric qualities that such a niodrl might alford (o g.. |o»ii„g whether adjacent 
distance segments precisely "filP the coiiip,»s,H! mO kilometer *rgmrnt>. modrl Imed rea 
wning can lead to a solution without ex|,licilly constructing an algebraic reprosenlahon of 
the problem. 

(Insert Figure .*» about here.) 
While entities and operations in model ha«,I reasoning can support solution attempts 
directly, they also provide a vocahulary of problem solving activit rs that conid be used 
to construct an algebraic representation. For example, introducing a variable, as a label 
on the unknown common time in part (b) of Figure 5. we can use the scale operator to 
project that variable into expressions .or lahrU on each distance segment in the horizontal 
dimension. Since these segments are adjacent and must fill the given combined distance of 
880 kilometers, addition of label expressions in the l.orizomal dimension gives an MV*'r*ir 
expression for the combined distance. I00( + 60( = 880. Thus, model based rearming 
opetations can also participate tn consttximt gtncmUng iii/cfrnfcs described earlier 

in general, inferences in model based reasoning correspond to relatively opaque oper 
ations in the algebraic formalism (e.g.. distribution of a product) Their spatial character 
and granularity may provide an accessible problem solving medium f<,r subjects who are 
newcomers to the algebraic formalism. In addition, the results .^f tli.*se op4 rations could jus 
tify more abstract activities in an algebraic or quamitative network representation, allowing 
problem solvers to verify quantitative constraints or results about which they are uncertain 
Evidence for these hypothetical roles of model based reasoning, eve., in c.uupetent problem 
solvers, is presented in the sections that follow. 

Situational contexta aa problem classes. Ileyond their role as a reprrs<«ntatioiu| 
hypothesis or an instructional medium, situational contexts provide a viewpoint on the 
space of possible compound algebra story problems tiMt is complementary to the problem 
classes provided by quantitative structure Even if we restrict analysis to compound iiui 

18 



23 



tfoB pioblrnw in whirh movfixfut niu.t be collmcaru^i directed, » miely ofiituitionij 
context. .,e pouIMe. Tiling two «,«;n«r di.tince Kgment. wc cm «|e(t from » «i 
of .patiil reUtIon.hlp. (e.R.. ronjnifnlor aJ/awnl) and combine thi. «-lectiofl with direc 
tioml orientition (e^.. Mm, or oppo,itt) to yield . dlitlnct .p,ti.l .itu.tion. Alw Meeting 
. relttion between time «^gment. (e.g., con^en< or edjcct^t), we cm combine «gment 
rdition. for dUtMce »nd time dime»Ios. to yield . p«ticul« .itu.tlon.1 context for » 
compound motion problem. For example, problem WOO hu o4jcc,nl di.tMce «gment. 
oriented in oppo,ilt direction. „d bu conyrvenl time Mrgmeat.. yielding the .ituttioni] 
context uud In figure 5. 

A rimilv .pproich i. pouible witb compound v»fk problem.. Work output, cm ilio 
be modeled m «.i/.n«r «gmew.. ^though ihdr diretlion«i orientitlon 1. Ie« directly 
interpret»bte. In tb« p,e«,t M^y.i.. we exclude > «n«, of direction for work output.. 
Working -together- cm be modded u oJ/awnl output «gment. Md "competitive" work 
M congtyent output «gnient.. For eximple the wort together ( WT) problem hu cdjccrni 
output «g„.ent. thxt »dd to yield . .ingle Job Md conjn.e„f time .egmenU tbxt. In concert 
with «ldltl»e output. Jlow addition of working rate*. Ui. corre.pond. directly with the 
alt.atlonal context of problem MOD, without direction*! orientation of output .egmenl.. 
The competitive work problem (WQ cm be modeled in a .Imllar faahion. Since RMdy 
and Jo each work on the «me «t of box«. we choo« conjrwnl «gment. to modd the 
M...e output. AdjanM time «g„,ent. are auodated with the completion of each output, 
leading to a direct .ituatiooal corre.pondence with the round trip problem (MRT). 
(Inwrt Figure 6 about here.) 
figure 6 .how. a matrix of .ituational coatexu formed by crowing «gment relation, 
from output Md time dimen.ion.. Compound motion Md work problemr in each cell have a 
common.!tuational.tructure(e.g..problem.WOI»Md HTln the upper right cell). and off 
diagonal cell, contain pair, of problem, that rever««gment relation, for time Md output 
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For example. reverMng nrfjocrnl .l,„al,crx an.l rougrutnt time. ,„ prnblrn, MOt) produce, 
problem MRT, provided that op;x».fr direction, are retaine,! i„ l«,th pmblem.. |.r„bl,„, 
.tructure. in diagonal cell, of the figure (»ha.led ) are ,.„t ««d i„ ,h,. .,«jy t,„ j„ p„,„j, 
the baai. for particular algebra .tory proMen... For example, the |„w„ rlRl,, „|| of Figure 6 
contain, what Mayer (I98I) ralU -.,,eed change" problem.. Thi. con.tructive approach ,„ 
•ituational context, can be extended t., I«ger eelat.onal vocabularies for outpnt a..d time 
(e.g.. including ot*rf<,p. d„jomt, etc.). yielding a .liable .pace of .ituatmnai c.,„,e,t. that 
provide the dimen.ional ba.1. for algebra -.torie." a'wut motion and work. 

The»e example, .how that our language of diinea.ion.. place.. i^nienU. Md incline. 
CM be u«d to model compound motion and work problem.. We have alw, examined the 
coverage of thi. iMguage over different cfawc of algebra .tnry Frnl.lem.. like th««. ... 
eluded in Mayer', exhau.tive taxonomy (1981). U«ful model.of ..tuatlonal ronteat cm be 
con.tructed f^r mo.t of the« cl*.«^. including curre..t. mixture. .i,n|>le inlere.t. co.t. and 
coin problem.. Some exten.ion. of the language appear nece«a,y to ino,l,| relatinnal ,„n 
.traint. involving additive and multiplicative compari«,n. (e.g.. "12 mnre tbM" or "twur 
a. fa.t a."). In general, however. n.odel. of .ituational context are ,H».ible for any problen. 
In which rdated linear function, cm «n.ibly be .hown within two d.,.,e«»i«n. Although 
arbitrarily complex quMtitatlve relation, cm be graphed in a (:arte.i.n plane, the pro 
vhloP that their d.men.lon. be -«n.ible" rctrict. our modding language to tit.»lion. 
where one-dimen.lonal rdation. like <.J,<.fcn| and two dimen.ional operate/, like "joining" 
or -.callng" have meMlng. Thu.. d.menrional n.oddt of .Ituational context may be ap 
plicable beyond textbook algebra .tory problem, and include everyday .,tuat.«... .nvolv.»g 
related linear function.. 

ComPariMn of .ituational and qas=t:!«Uve .tructure. l«.n.orphi.m w.th.n celU 
Md revered .tructure „ro.. cdl. of the n.atrlx in figure 6 partit.on the .pare of compound 
algebra .tory problem, in a way that con.plen.enlary to the proble... cl*.«e, ,le».r.bed 
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in the precwling section on quantitative structure. In fact, the problems paired in each 
cell aJeo have an isomorphic quantitative structure, and problems from off-diagonal cells 
reverse quantitative relations. For example, an additive triad over distance extensives in 
problem MOD contrasts with a shared extensive for distance in problem MRT. In our 
view, this complementarity arises precisely because the quantitative substructures serve 
as a mathematical abstraction for describing situational contexts, in turn, our relational 
language of situational contexts provides an abstraction for describing (or modeling) events 
within particular,problems. Thus, choosing segment relations for output and time gives 
rise to an organiied space of situational contexts for compound motion and work problems, 
each with a corresponding quantitative structure. 

While quantitative and situational viewpoints on algebra story problems are comple- 
mentary, they are not identical. The quantitative network formalism models conceptual 
entities of time, output, and rate as abstractions that preserve quantitative type (e.g., ex- 
tensivcs versus Intensives) and value, either as a number or an algebraic exprwion. }n 
contrast, situational segmenU and inclines model these same entities as individuals that 
preserve semantic type (e.g.. time versus output), dimensional order (i.e., segments versus 
inclines), quantitative value, a physical sense of extent (i.e.. the length of a segment or the 
slope of an incline), and local "spatial" relations between individual instances of extent 
(e.g., the 60 and 100 kilometer segments after the first hour of travel are adjactnt). Pre- 
serving physical extent and relations of locality allows a problem solver to utilize spatial 
knowledge when identifying or verifying quantitative constraints. For example, when a total 
distance can be decomposed into component distances which exactly fit within the total, 
there is a direct physical justification for their addition. "Joining" or "scaling" inclines us- 
ing a two -dimensional model of rate promises a similar physical justification for operations 
on intensive quantities. Whether students actually use su^h a vocabulary for justification 
is an interesting issue, not directly addressed in the present study, that we are exploring 
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further (Hall. 1987). We suspect that hhami situational strurtnro. ni addition to quanti- 
tatlve structure, contributes to subjects' judgments of similarity between an arbitrary pair 
of algebra story problems. 

Quantitative and situational structure are not the only niaterials in the domain of 
algebra story problems that are important f„r problem solvmg. learning, and leaching. 
Neither can we tacitly assume that these btriirtiires. as described above, are actually held 
by subjects during problem solving. However, these structural abstractions may help to 
understand what subjects actually do when confronted with a problem to be solved, and to 
hypothesize what must be learned for competent problem solving to be achieved. Knowl 
edge sources that guide the generation of quantitative representations, and the manner m 
which they are manifested during problem solving, comprise an important part of compe^ 
tent performance. By grounding quantitative structure in conceptual undmtar.ding. these 
knowledge sources may allow a problem solver to effectively assemble and validate repre 
sentatioaal structures and operators in the algebraic formalism. Having described some 
aspects of the underlying situational and quantitative structure of algebra story problems, 
we now turn to an ^ploratory study of problem solving. 

METHOD 

The primary goal of this study is to characterize the activities of -competent" problem 
solvers on representative algebra story problems. When conipareil with the activities of 
beginning algebra subjects, the contrast should givi» a rough nnage of the terrain over 
which a learner must travel to become a skilled problem solver. We cho.se to study .subjects 
who have clearly mastered the algebra curriculum up to existing institutional standard.^, 
but who were not recent recipients of algebra based instruction. Thus we an» attempting 
to describe a primary target of traditional instruction in algebri: a problem M»Iver who ha,: 
mastered the tools of the algebraic formalism, has practiced these skills during instriictiou. 
and should be able to apply these skills in novel settings. The study Avos minimal 
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experimental intervention, aod our inlerprctation and analysis of problem-solving protocols 
are primarily descriptive. 

SubjecU 

SubjecU in this study were 85 undergraduate computer science majors in their junior and 
senior years. They were enrolled in an introductory course in artificial intelligence, and par- 
ticipatcd in the study as part of their classroom activities. These subjects could be viewed 
as "experts" in algebra story problem solving since they must have succeufully completed 
courses in algebra during secondary schooling. In addition, prerequisites to the artificial 
intelligence course include three aniversity-level courses in calculus and completion or cur- 
rent enrollment in courses covering diKrete mathematia. Thus the level of mathematical 
sophistication in this sample of problem solvers should be high. Alternately, one might 
argue that these subjects were expert algebra story problem solvers at one time but that 
their skills have in some sense been "retired" with the passage of time. As will be clear 
shortly, the solutions offered by many members of this sample do not fit an image of smooth 
execution of a practiced "skill.** 

Material! 

Subjects were asked to solve the four algebra story problems shown in Table 1. Problems 
A/OA Af^rand WT were taken directly from Mayer's (1981) sample of algebra story 
problems, with minor alterations in their number set and phrasing. These alterations were 
intended to free students from unwieldy calculations during problem solving and to make 
wording between selected pairs of problems more similar. Problem was constructed to 
be isomorphic to the MRT problem at the level of quantitative structure. 

These problems were selected for two reasons. First, v ith the possible exception of WC, 
they are highly typical of problems found in secondary school texts. Out of an exhaustive set 
of 1097 algebra story problems drawn from 10 texts. Mayer found that problems like MOD, 
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MRZ and WT ^counted f»r 7.8% of all observed problems. Second, different pairings 
of thePC problems allow us to present subjects with opportunities f.,r positive or negative 
transfer across contiguously presented problems. 

Specifically, problem pairing* MOD/WT^nd SfRT/WCMe iwmorphir in their quantl. 
tative structure (see Figure 2 for a graphical representation of th.^e pairs) and havesinnlar 
situational contexts. I„ the MOD/WTp^r. output dimensions are adjaceuU hnng colUnrar 
and sharing a starting point, while time dimensions are cof^grueul. overlapping con.pletely 
by sharing both starling and ending time.. In the MRT/WCp^t, outp.,ts are cougrveut 
wh:le time segments are adjacent and of different value (see Figure 3). Should subjects 
recognize this similarity, they may exhibit some form of positive transfer. Alternately, 
problem pairings mO/MRT and WT/WC^re similar at a more superficial level, sharing 
types of surface materials (e.g.. distance traveled or parts of a job completed) while having 
quite dissimilar quantitative and situational structures. In fact, relations over output and 
time dimensions are exactly reversed, as described in the preceding section on quantitative 
structure. In the MOD/MRTp^r for example, outputs in A/O/.are adjacrnt^nd times are 
congruent, while outputs in MRTzre congruent and tin,es are adjaceul. When presented 
contiguously, these problem pairs may induce fairly specific forms of negative transfer (e.g.. 
adding rates in the AffiT problem after correctly solving the AfO/> problem). 

Procedure 

Problem materials were distributed so that subjects with adjacent sealing during data 
collection would be in different groups. Group membership was not randomly determined 
but should reflect no systematic bias. Subjects were allowed eight mmuies to«olveeach 
problem, and all suhjects worked through the prohlems at the same tm,e 'IW finiihing 
early on an individual problem waited until the eight minute time limit expired before 
proceeding to the next problem. Before solving any problems. Mihjerls were a.skr.1 to -show 
all of your work" in a written form, to "work from top to bottom, wriling new material 
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below previous material,** and not lo erase after making a mistake. Instead, they were 
asked to mark through any mistake with a single line. Finally, subjects were instructed to 
-...draw a box around your answer." After solving all four problems, subjects were given 
20 minutes lo explain their solutions In writing on facing pages of the text booklet without 
changing their original work. 

Problem ordering. The first group of subjecU (group M, n = 46) saw problems 
in the following order: MOD. WT, WC. MRT. The second group (W. n = 39) saw the 
followingorder: WT, MOD, MRT, H'C.Thus,eacl,group.olvedpairsof problems that were 
isomorphic at quantitative and situational levels (MOD/WT oi WC/MRT) and also solved 
pairs of problems that were superficially similar but had reversed relations in quantitative 
anil situational structure (HT/WC or MOD/MRJ). 

DAta collection. The "behaviors" reported here, and all interpretations of them, are 
based entirely on subjects* written protocols. Relying solely on written protocols has several 
obvious disadvantages. 

• ThtTt is no timing informaixon. While students were allowed eight minutes to solve 
each problem, we can neither determine how long a subject works on any single prob- 
lem. nor how long any particular written episode lasts - e.g.. performing algebraic 
manipulation. 

• WriiUn material moy br a lean or even distorting mndow on a subject^s rognitive 
processing. A subject may omit materials that seem unimportant or potentially em- 
barraating; alternately the subject may give written evidence of proces«c« or strategics 
that bear little relation to what she actually does. 

Since this study is exploratory in nature, we present our results as a heuristic tool for 
generating hypotheses, and leave more manipulative procedures for confirmatory studies 

Scoring. Written protocols were scored in t.ommittee by the authors, using majority 
rule for categorization of troublesome cases. A scoring system was constructed around the 
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analysis of problem structure dcscribi-d earlier, using a« iterative process with subsets from 
the total pool of protocols. Scoring categories were added, refined, or dropped from the 
final system when scorers had persistent diflirulty reaching consensus. 

THE EPISODIC STRUCTURE OF WRITTEN PROTOCOLS 
This section describes a qualitative framework for interpreting written problem solving 
protocols, showing representative protocols as examples of scored categories within the 
framework. We point out connections between several of these categories and hypothetical 
representations and inferences described earlier, although these connections are open to 
many interpretations. Our framework resembles Schoenfeld's (1985) analysis «f mathemat- 
ical problem wiving by concentrating on coherent episodes of problem ,solvi«g behavior 
(we Ericsson & Simon (1984) for a review of aggregation techniques). We also explicitly 
score the transition between problem -solving episodes. 

A subject's written protocol for a given problem is interpreted in two .tages. K„.t the 
protocol is divided into a sequence of coherent problem- solving episodes, and th.n each 
episode is scored individually with r. ect to its content, its correctness and its function 
in the overall sequence. In nearly all . s, the following definition „f a problem solving 
episode allowed scorers to reach consensus: 

• Strategic coherence. The subject is pursuing the same overall goal. 

• Tactical coherence. The subject is using the same method for attamin,? this goal. 

• Conceptual coherence. The subject h exhibiting the same conceptualizatio,, of the 
problem. 

Although episodes divide prohlen, solving i„i„ coher. nl chunks the rontexl rreMe.1 hy 
earlier episodes i. assun.ed to he inherited by |»,er ones. unle.» there h evi.lenre ih»t a 
reconceptualiiaiion h« occurred. 0..r definition ot an *,„«,de w.ll l,o M.a,|.e„e,l in the 

26 



31 



I. 



following paragraphs as wf ssH^ify in detail the scoring categories used to describe episodic 
coiitec*. 

After dividing the written protocol into coherent problem -solving episodes, each episode 
is examined to determine its general content. Conlcnl categories include: strategic purpose, 
tactical content, conceptual content, the presence of conceptual or manipulative errors, and 
finally the status of the episode in the overall solution attempt. The latter covers rdative 
correctness and the reason for transition to a new episode. With the exception of conceptual 
«>ntent. each of these categories it further differentiated Into alternative subcategories, as 
shown in Table 2. In some cases only one subcati^ory is selected as best describing the 
more general category (e.g.. simulation as a typ« of model-based reasoning under tactical 
content); in other cases, each subcategory can occur within a single episode (e.g., various 
kinds of conceptual and manipulative errors). 

(Insert Table 2 about here.) 
The remainder of this section takes up each of these interpretive categories in detail, 
showing representative written protocols as example, of their use in scoring the episodic 
structure of subjects' solution attempts. For example, subject n)20 in Figure 7 goes through 
three error-free episodes, each with a specific purpose, lactic, content, and transition. In 
the protocols shown in figures as illustrations of various categories, episodes are separated 
by (lashed lines, and their sequence is shown with circled numbers. Several protocol excerpts 
are presented directly in the text without accompanying figures. 

(Insert Figure 7 about here.J 

Strategic purpose 

The strategic purpose of an episode it its relation to the ultimate goal of finding a solution. 
Judgments of a problem solver's -purpose" are clearly a matter of our own interpr«atlon. 
attliongh we present scoring criteria that ma!:c these judgments operational across individ- 
ual ratings. In this regard, our scoring distinguishes between three abstract problem -solving 
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modes. 

Comprehension. The subject is no. di,«tly 5«>ki„g . r,„al solution, but is const,,,,,, 
ing a representation of the problen, by incorporating v.r.ous constraints. In episode I of 
Figure 7. the subject finds . w»y to express working rato* by considering their outputs »f,er 
one hour. 

Solution at'.empt. The subject is attempting a series of operations that work directly 
toward a solution (Figure 7, episode 2). 

Veriflction. The subject has already produced a «,lution to the problem and is now 
«eking confirmatory evidence for it. for instance by rederiving the solution wi.h another 
method or by inserting the answer in some intermediate equations (Fig,„e 7. epi«,do 3). 
Ikctical content 

The tacticJ content of an episode is the method used by a subject to achieve some strategic 
purpose. Our operational criteria refer primarily to the protocol material for the current 
episode. butJn a few c«e. information contained directly in the protocol was insufficient to 
make an operational category judgment. In these cases, surrounding episodes ,„d post hoc 
written explanations supplied by the subject were use<I to assist scoring. 

(Insert Figure 8 about here.) 
Annotation. These episodes usually occur early in the protocol when subjects are 
collecting information about the proMe.n. Three cases are covered. 

. Pwbkm e/cmen(». The subject is recording elements of the problem text (e.g.. = 
60tm/hT, Figure 8, episode 2). 

. ReM of formulas. The subject is remembering and writing down ,„„nonred 
formulas which seem relevant, (e.g.. u = <. Figure 8. episode A). 

. Diagram. The subject draws a pictorial representation of the prol.le,,. sHuat..,., (e.g.. 
Figures, episode I). 
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Algebr.. An episode is ^eU..U if i, ,„ake, use of one o, „o,e equation, placing 
co„s,c«„.s on the v^lu. of one „, n,o,e variable,. However, simple alignments are no. 
..eaM a, equations. Thus neither ,00 + 60 = 160 nor d = 880 are considered cua.ion.. 
while = 100 X , i, considered an equation. A. shown unusually clearly in the protocol of' 

Fig«,eO.,he tactical approachofthetypiC algebraist istoexpressconstraintsa^asysten, 
of one or core equation, (or proportion.) and to «,Ive for the appropriate unknown. We 
have al«> found case, of subject, trying equation, in a generate-and-test fa.hion until, a. 
one subject explained, an equation "look, good." 

(Insert Figure 9 about here.) 
Model-baxed «a«,„!„g. Jhi. category i. .cored when a . .bi^.. -execute," a n,odeI 
of the problen. .ituation along the dimension defined by an unknown quantity such as tice 
distance o, work. Subcategories of codel-based rea«,ning relate to constructive problen,- 
soiving inference, described in the preceding action on situational structure. 

. 5rm«,«,.W. The subject selects a ba« unit for the cho«n dimension and "runs" 
the n.o.lel for each successive unit increment a. illustrated in episode 3 of Figure 8. 
Consistent with our earlier developn,ent of situational .truc:ure. a. in,ulation episode 
could be interpreted a« an iterative "joining" of concrete individual inclines. Simula- 
tion can also be partial (just one or two increments) in that it is not used to reach a 
«.l«tion.b«t to ex«nine relations between quantities and to enabl. some other solu- 
tion method. In both episode 1 of Figure 7 and episode 5 of Figure 13. a simulation 
for one hour establishes the quantitative combination of entities from distinct events. 
. //e«ris/.r. The base quantity -jumps" by variable increments whose magnitude is 
'''""'"ined at each |,oint by estimations of closeness to the solution. A heuristic 

con,,,.!.,..* "'"""Ll-o. »«.plr.,cJ«..„„c,io, ,o help di„mbig„.,e qtrn,i,u 
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model-based reasoning episode coidd he iniorprcied a*. "scaliiig- niriiiics that rcpre 
sent invariant relations, as dosfril>e<l earlier The progresMon of this generate and 
test approach can be monofonic . as in cpi8o<le 2 of Figure 10. or follow some form 
of interpolation search. After each generation of a value, the state of the prohleo) 
situation being modeled is recon5tructe<l and evaluated. 

{Insert Figure 10 about here.) 
Ratio. This subcalegory covers a number of tactics by which relations of proportion 
ality between quantities are used, sometimes providing clever "shortcuts'* to a M>lution. 
These tactics clearly utilize a representation of quantity (e.g.. intensive quantities, as de 
scribed earlier), but the manner in which related quantities are integrate<l may depend 
upon constructive inferences within the situational context (e.g.. composing segmems or 
inclines). 

(Insert Figure 1 1 about hcre.| 

• Whok/parL The subject vi-ws a part as fitting some lunnher of tiiuos inio a whole 
quantity, as in episode 6 o' Figure 13. 

• Part/whoteandpart/parL These two types of ratios compare portions of enllhes. Use 
of the part/whole ratio is illuf (rated in episodes 2^4 of Figure 11. where the subject 
considerc parts of the total job". A version of the part/part r.itio appears m episode 
2 of Figure 12. involving the respective rates of bus and foot travel. 

• Proportion. Non-algebraic proportions cover reasoning of the type oxliihne<l by Mib« 
ject m05 on the work-together (WT) problem: tlieyVe done .f, (of a job) in 2 
hrs, so I hr more would do for (the job) left to be done . . 

wu ■omewhil foilunou* on the p«il of ihi« «lu«lcnt. tinc^ » s'"''^ |u«iifi«*i,oii fur lU vaIiJuv ii. rtihrt 

iompitx, 
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. Sa.lm3. Th. .ubjcct «a»« a .dated verrfon of the problen, or re.rhes an „nexp«l«i 
»n«*er. and d„,ply sral« ih* answer to fit ,hc quanlilie. given i„ the p,oblo,„. ThU 
may ,clate to our earlier description of "scaling" rates as invariant two Jin.onsional 
inclines. In episode, 3 4 of Mgure 12. for exan.ple. the subject solve, an easier 
ptoWem by heuristic modol-ba«d reasoning and then scales her answer to "fit" the 
A/nr problem. 

[Insert Figure 12 about here.) 
Unit. In a few cases, a subject reason, purely in term, of unit, of measurement given in 
the problem. For instance, on the work con.petitive problem (WC), subject mU examines 
alternative rate forms with the following manipulations: 

r-m,n = 6ox 2»£ 



min(u(») ■'"'" = <«» j^'koz = min 

Procedure. This subcategory is score<l when there is evidence that a subject is execut- 
i«g «..ne stored sequence of action, or operation, other than routine algebraic or arithmetic 
manipulation. For example, on the work together problem (WT)..,bject m21 appears to use 
a Mmple averaging tactic for combining quaatilie.. writing "/o/o/ = j(5 + 4)= f = 4jAr.i." 
Conceptual content 

Til. conceptu J content of an episode reflects the subjecf. conceptualisation of the prohlen, 
«t..ati„,. and the resulting set of constraint, between problem entitle.. There is a snbtio 
l.«t crucial distinction between .itnational understanding and the quantitative con.train.s 
that are implied by it. a. suggested in previous sections. Without further subcategorization. 
our scoring of conceptual content .imply contains the constraint, that the subject clearly 
rerogniK. and use. in the epi,o.le. For in.tance, .ubject m39 in Figure 9 manifest, an 
....dcrstanding of all necessary constraints: equal distances, additive composition of t.me.. 
and the distance- rate- time relation. 
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llnserl Kigurr i:( abmit h<<i<>| 
Errors 

Within each problem «>lvinKepi„„l,.. wo consider two bf.M.I fla»s« „U-lu,t. 

Conceptual errors. These are Mor..! w a M.l.jvct o-th-r .„,l..d.> . c„n.„.,„t that 

is inappropriate for the problc.n or oxclude. a constramt that .s a cr.tical ,«,„„e.„enl f,„ 
the current episode. 

. Errors o/ commission. These error, are incorrect constraint, that the j«t in.r.. 

duce, during an episode, either by incorrectly reprev-ntiug the situa al ,..„t..xt „f 

the problem or by making erroneous quantitative inference For exam„l...,„ ..pis„.,„ 
4 6 of Figure 13 the subject subtracts d.stances b.-cause ^he tinnk. th.t the Ira.ns 
are going in the same direction. 

. Errors of omission. These orror. are overlooked constraint Tn be sc..r,.l as an error 

of omission, an overl.K,ke,I constraint ha* to bo cr.tical to the t.„n d ap,,l,ed 

by the subject. Thi. usually ,„oa..s that two e..titles are .-xpl.citly .....I while the 
relation between them i. ignored. In F.guro op.M„lo :,. the .s..l.ject has ..v..rl.H.ke.l 
that working times represented as i and y are equal. 

(Insert Hgure l-l abo.it here.) 
Manipulation error.. Since written protocols ..suajly d.splay algM.ra.c or a,..h,„..... 
manipulations clearly, our scoring ide,.tilie. .nanipulative mors of thr.^o typ...s. 

. Algtbn... ..rors. For exa.nple. on the MOD problem, subject w.l!) writes "KKO = 
followed by "7" = Sg." 

. l'ono6/ee-r»r^ We observed two type, of errors r,4ate.l to ,|«. c» pi „f va,..l.l.. b, 

"switch errors." the meaning of a variable changes i., the c„.,r»e of proble... .olv.ng 
In "label errors." subjects are using var.abU^ as labels for .,ua..t.tie». For i„Ma.,ce. i.. 
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the round trip problem (A//??), iuhjfcl m 10 writes the cquition f = GAm*' 
and fxpiaini thit "for every I hour on the bui, it tatlces 8 houri to get birlt * 

• ^n(Ainr«c tnvr$. For example, on the oppotitc direction motion problem (MOD) 
•ubject m20 writes -fS = After detecting thii arithmetic error in a verification 
epiwde. the lubjcct recoveu by uiing the ratio Kaling tactic mentioned earlier. 

Status of episode within solution attempt 

{!atfgoriei listed so far deaj w|(h internaj characteristics of an episode. The Iwo upects of 
tlje scoring scheme dcscribca here, consiitency and transition, concentrate on the relition 
of an individuaJ episode to the overall problem -solving effort. 

Cottsistency. This category assesses the correctness of an episode in the context of 
the problem -solving sequence and is scored correct or incorrect for three farets. 

o Bfforr. This subcategory rettects the correctness < the context Inherited by the 
episode. For example, errors may be generated in former episodes and passed into 
the current episode, u with the conceptual error of commission (same direction) 
passed between episodes 4 and 5 of Figure 13. 

• Dunng. This scores the correctness of the current epiiode with respect to the Inherited 
context. An episode producing an incorrect result can be internally correct if it is 
consistent with an Incorrect context. For example, episodes 5 and 6 of Figure 13 are 
Internally consistent with the conceptual error of commission Introduced In episode 

• After This subcategory assesses the absolute correctness of the outcome of the current 
episode If a solution is presented, thescoring reflects its correctness, otiierwiic scoring 
assesses whether or not the subject is on a possible right tracJc. 
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Transition. The intent here h to determine the reason why a Mibject pasAes from one 
episode to the next. Unlilte convulrncy, which reflects the icorer^* judgment of correctness, 
this aspect attempts to capture the siihj<'Ct*s point of view. 

• SubgoaL The subject accomplishes an interrne<tiate goal, bringing the episode tu 
an end (Figure 7, episodes I and 3). Information identified when achirving a sub 
goal (e.g., changing the form of a working rate) is generally carried intti fcHbsequent 
episodes. 

• Wrong. The subject decides that she is on the wrong track and abandottk tfi*. rurr<»nl 
approach, usually by marking through the work (Figure 13, episode 3) Thin transition 
is often the result of an explicit verification episode, 

• /mpassc The subject reaches a point where she cannot continu^^ wtlh the current 
method. A good example of impasse is show:( in episode 3 of Figure H, where the 
subject correctly applies simulation by hourly increments. overshiHUs the m>n integer 
solution, and then switches to an ajgebraj>^ tactic sfter adding rstes, 

• U$L The subject reaches a point where she cannot determine how to proceed, as In 
episode 2 of Figure 14. 

• Finai so/u<iori. The subject reaches a result and presents it as a solution to the 
problem. 

• found iotution unvng. The subject realizes or beheves that the M»!utmtt preteuted is 
incorrect. 

This presentation of our framework for interpretmg wruien prohici^ gues ah oveily 
linear picture of Its use In scoring subjects* totulion atteinpt<» In fart, caiegorirmg the 
episodic structure of a written protiKol within this framework wa.% usually done quickly 
(from 5 to 20 minutes per protiKol) and with little sutivquent di«^agrf>eiiienl .imoiig the 
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scoter.. By d«igt.. each (»tegory *m riled wilb at least 75% agreement over fonr scorers; 
most rattgories approached unanimous agreement. 

In addition to determining whetlier or not a subject has managed to find the -cor- 
rect" «Jutioi. to an ajgebra story problem, this frameworic for interpreting problem -solving 
episode, allow. «, to de^ribe the inlernd structure of the subjetf. solution attempt. Our 
interpretation of epiwxlic structure supporU more fine-grained explorations of the strate- 
gic and tactical course of problem wdving. In the quuititative results section that follows, 
we form composite analytic categories by identifying episodic patterns among the atomic 
category judgmenl. de«;rib«l above. Thus we will be able to speak of subjecU reaching a 
-final epiKHle- with «,me particular tacUc and content or to ex«nine a series of contiguous 
epiK>de. daring which model-b.«d nauoning is used. Beyond the results pre«nted here, 
we expett the set of scored protocol, to provide a rich dataset for continuing analysis. 

QUANTITATIVE ANALYSIS OF PROBLEM-SOLVING EPISODES 
In the section on problem structure, we argued that competent problem solving pro- 
reeds as an elaborative. interdependent exploration of two distinct problem spaces: the 
«t..ational context of a story proHem and the quantitative constraints given explicitly or 
implied in the proHem statement. Results presented in this section provide evidence for this 
interdependency at a global |-,vel of problem-solving activity and at a more detailed level 
of episodic content. Our a-. Jysis distinguishes betwee subject.' problem-solving attempts 
and the episodic structure of those attempts. By proklem-solmng attempt, we mean all of 
the activities evident in the -vritten protocol, which may include several distinct episodes, 
ny fpisodic ,tmcture we mean the alternation of problem-solving episodes of various types. 
aN<l the constraints or errors that are contained within and across those episorfes. 

First we examine the tactical content, strategic purpose, transitional status, and er- 
rors present in subjects' solution attempts. These analyses pool episodes within solution 
attemiits to show the prevalence of different interpretive categories, and so they provide 
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only a coarse image of competent prohlon. solving sWon.l, we Im.k within imiividual «. 

lution attempts and examine two epi«,dif patterns i„ detail. An analysis of the epi«,de 

during which a final ,olut,on is offered provides a finer image of problem solving oulrome. 

describing relations between solution outcomes and „ther interpretive categories within the 
epi«>de. We also identify individual episodes of mctrl 6a,«f „a>o..,ny to permit a closer 
examination of problem-solving activity outside of the traditional algebraic formalism. I«y 
considering the content of surrounding proble.n solving episodes, we can begin t.. examine 
subjects' rea«.ns for using model -based reasoning and to asse^i its effectiveness for n.aking 
correct problem-solving inferences or recovering from existing errors. The section ,„d. with 
I summary of major qtmlilative findings. 

Problem-Mitving attempt* 

Since many of our rated categories represent hypotheses .bout problem «,|vi,.g processes, 
we present their frequency of occurrence within s jects' problem solving attempts. Ta 
ble 3 show, the percentage of subjects having one or more episodes in which varion. rated 
categories were observed. Percentage, are shown separately for each problen, (MOD. URT. 
WT, but are collapsed over group, (W. W) since none of the«. contrasts wee sUtis- 
tically reliable. Most findings are as expected, while «:veral are surprismg. 

(Insert Tabic 3 about here.) 
TVictid content of scored epi«,de.. While most subjects „se algebra i„ their 
solution attempts (63.5 to 85.9% across problems), reasoning w.thm the s.tuat,o„al context 
presented by the problem is surprisingly common. 

. Looking within individual problems, at least one model base.1 episod.- is „s„| |,y 
22.4% to 47.1% of subjects, depending on the problem. A separate aralysis p,«ling 
across problems shows that 72.9% of subjects have one or ,„„r. e,„s.,d« of model 
based reasoning in their written protocols. These episo.le» are explore,! more fully 
later. 
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• Use of ratios is the next most prcvaJent non-ajgebraic tactic (14.1% to 42.4% across 
proWems) and may depend upon a variety of factors: the complexity of the constraints 
presented by a problem's quantitative structure, the accessibility of situational justi- 
fications for those constraints, and the manner in which the constraints are presented 
in the problem text. 

• Few solution attemptscontain episodes using a "procedure" or reasoning with "units." 
Most subjects using a procedure on the H^T problem chose to take an average over 
working rates, a strategy that violated the situational meaning of "working together" 
in that problem and generally led to an incorrect solution. 

• Annotations, in the form of diagrams or notations about problem elements, were ei- 
ther scarce or common, depending upon the situational and surface content of the 
story problem. Motion problems {MOD, MRT) showed few noUtions (7.1%, 15.3%) 
but more frequent diagrams (69.4%, 36.5%). while work problems showed frequent 
notations (21.2%. 29.4%) but fewer diagrams (8.2%. 9.4%). Although it is likely 
that the spatial content of motion problems makes them more accessible to diagram- 
matic representation, some subjects are able to construct effective diagrams for work 
problems (e.g..see Figure II. episode 3). 

Strategic purpose of scored episodes. 

• Most subjects show explicit attempts at comprehension in their written protocols 
(57.6% to 84.7% across problems), typically through diagrams, notations or model- 
based reasoning. 

• While all subjects make some attempt to solve the problem, only a minority give 
evidence of attempting to verify the results of their work (7.1% to 28.2% across 
problems). 
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TVansitions out of scored episodes. 

• Most subjects find and explicitly present a solution (either correct or incorrect) as 
part of their problem-solving aii<.inpt.althouKh problems A/«7'and IKT appear more 
difficult than their quantitative isomorphs in this regard ( WC and MOD) A more 
detailed analysis of solution outcomes follows shortly. 

• Likewise, the three transitions without solution (i.e.. impasse, lost, or wrong) are nio&t 
common in the more difficult problems (Af APand WT). 

Errors in scored episodes. 

• Conceptual errors of omission and commission increase for the more dinictilt prob- 
lems (WfiTand WT), and appear much more frequently than manipulative errors 
(arithmetic, algebraic, or variable errors) on all problems. 

Several interesting patterns emerge in these findings. First, subjects* written protocols 
are not composed solely of material generated while performing algobrair transformaiions. 
Instead, many subjects appear to use various forms of direct situational roa^on^nR. which wr 
have termed mtxiehbased reasoning, conducted within their understanding of the context 
posed by astory problem text. Second, although most subjects do present a &olHtion in some 
form, their efforts do not appear ax a smooth progression toward a quanliiaiive .solution. 
Rather, their problem-solving efforts are often interrupted by varied conceptual difficulties 
that must be repaired before a solution is found. Third, manipulation «ror8 within algebraic 
and arithmetic formalisms do occur, but these are overshadowed by conceptual errors of 
omission or commission as a primary source of problem solving difficulty. Consistent with 
our earlier treatment of problem structure, we interpret these findings to mean that students 
form an understanding of the problem at the level of its situational context and then use 
this understanding to introduce quantitative constraints. As a result, many of the activities 
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pre«nl in *n episodic uialyus of algebra ttory problem colviDg faJl ouUide the traditional 
algebraic formalism. 

Final episodes: outcome* Uctical content* and errors 

Examination of the written protocols farly thowi that subjects undertake a variety of 
problem-solving activities when attempUng to solve these problems, particularly when they 
encounter difficulties in reachfag a solution. However, the previous findings speak only to 
the prescncs of varioui conditions in subject's problem-solving efforU. By our scoring, 
subjects averaged approximately 2.5 scored epiiodes per problem -solving effort, with some 
protocols presenting evidence for as many ak 10 distinct episodes. In the following analyses, 
we look within individtial protocols for more findy-detailed episodic structure. 

Within an individnalU etforU oa a&y given problem, we extract a •6naJ episode" for a 
first level of detailed analysis. This episode seed not be the wbjccfs last effort in a aolutioa 
attempt, but it is final in one of three senses: it U the lul c^sode during which a subject 
presents a solatiou that U correct, the lut episode during which they present a uAixlion tha 
is incorrect, or the last episode of a problem-solving effort in which no solaUon is presented, 
-Incorrect" means the subject presenU an incorrect final solution without detecting any 
errors. The 'no solution" category includes subjecU who present an iacorrect w^ution but 
realize they have done so during a subsequent attempt at verificntioa, without being able 
to recover. Thus, the final episode may be either correct, incorrect, or present uo solution. 
(Insert Table 4 about here.) 
Perfbrronncn outcomes across groups. Tatle 4 shows the final outcomes for each 
problem, broken out to show antidpated effecU of problem ordering. For example, on 
problem MOD group W should perform better than group M (shown as M < W in the 
tawW), lince subjccU in group W are exposed to an isomorphic problem (WT) just before 
seeing problem MOD. If positive transfer occurs, subjects in group M should be at a relative 
disadt intage, having seen no prior problem. None of the group contrasts were statistically 
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significant, even taking into account whether M.bjoc is were correct iir incorreci «n preceding 
problems. Thus, the problem ordering dianipulation liUroduced to provide opportunities 
for positive and negative transfer appears to have had littlo effect on subjects' performance 
at the level of solution correctness. We consider this finding at a more detailed level in the 
discussion section. Clearly, problems MRTznd iV7 were most difficult, with percentages 
of subjects reaching a correct solution on these problems (5I.K% and 61.2%) falling well 
below those reaching correct wlutlons on problems A/0/>and (90 6% and 91.8%). 
(Insert Table .5 about here.) 
Relatioias between solution outcome and tactical content. Table ii shows tactical 
content and error categories for final problem solving episodes. For tactical content, i 
subject receives a single category score, so cell frequencies ,um to give appropriate column 
totaU. A few protocols contain insufficient information to score tactical content in the final 
episode. For errors, a subject may Achieve a correct solution in the final episode but .f,ll 
demonstrate an error, cr they may have several types of errors. As a result, cell entries for 
errors do not always add up to coindde with column totals. 

The prevalence of tactical content and error categories in the final episode is generally 
consistent with findings for overall solution attempts. However, by |,K,king within these 
attempts vre can focus more closely on relations between tactic and outcome 

• Even within the final episode, not all solutions (correct or incorrect) are found using 
algebra. Excluding those with no solution or with contei.ls ».hat were not scorable. 
between 22.0% and 44.0% of subjects (across problems) ised other tactics to find 
their final solution. 

• Use of ratios ii the most prevalent form of non algebraic rea«,ning in final episodes, 
with the exception of an incorrect averaging procedure on problem Wl\ Model based 
reasoning is the next most prevalent tactic, 

• Algebra, model-based reasoning, and ratio tactics are about equally effective in ihe 
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final episode. Pooling across problems. ^Jgcbra is slightly more 8Ufcr«fuI (number cor- 
recl/lotal observed) and slightly lea error-prone (number in correct/ total observed) 
than either of the non -algebraic tactics. 

Thus, even within the final episode where a wlution might be found, a normative account 
of problem solving consisting of successive algebraic transformations would be disconfirmed 
by these data. Instead, subjects find solutions through a variety of reasoning strategies 
that, ia some caae*. involve relatively Uttle formal algebra. la a moment, we examine the 
episodic structure of model-based reasonisg tactics more closely. 

ReUttona belweea wlutioa outcome and erfon. Errors observed during final 
episodes arc also interesting although more difficult to interpret gjnce individual subjects 
can have multiple errors. We distinguish between -conceptual errors.- which aris* through 
omission or ccaimisiion of specific quantitative constrainU. and -manipulative errors." 
which arise through improper use of arithmetic, algebraic operations, or variables. These 
error categories are shown in the lower panel of TaUe 5. 

• With the exception of problem MOD, conceptual errors are more prevalent than 
manipulation errors. This is particularly true of the more difficult problems {MRT 
and W7). 

• Subjects who achieve a correct solution have fewer conceptual errors than those with 
an incorrect solution or no solution (1:6. 0;30. 1:37 and l;4 across problems). In the 
few cases where a solution is found despite conceptual errors, offsetting manipulative 
errors fortuitously "correct* thes« conceptual errors. 

• Although manipulative errors «re found among subjects who do not reach a correct 
solution, they are also observed amongsubjects giving a correct solution. These errors 
are repaired within the final episode to allow for a correct solution. 
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• Among subjects who reach an liin.rrrr l wiliUion. tl.o iniiuhc-r with ni:ui,p.ilativomor» 
could not account for more than a thir<i of t hew- failures ('2/6. 5/1.5, 7/21. and \/S 
across problems). Alternately, ai least two thir.U of tho inrorriTi .soh.tcons niuM be 
basetl o>i couceptiial errors. 

One interpretation of these results is that manipulative errors arc less frequrnt and 
mart rtcov<rabU than conceptual errors. That is. subjects who make an error during a 
problem-sol vingepisode are more likely to recover from that error if ,t stems from arithmetic 
or algebraic manipulation than if it is a result of misunderstanding or misenoMling the 
structure of the problem. Since errors may persist acro«. episodes, this conclusion cannot 
be unambiguously supported. Nonetheless, the most serious errors among this group of 
relatively competent problem wivers are conceptual rather than manipulative. 

Episodic structure of model-based reasoning 

One of the most intriguing findings in theso data are sal.Jects' use of what wc « all Miodrl 
based reasoning.- In these episodes, subjects depart from the algebraic formaliMn and 
reason directly within the situational context presented by the story problem. In this 
•ection. we exainine the functional role that model based reasoning plays w.tbin the <iverall 
solution effort. We are interested in determining under what nrcumstancos this form of 
reasoning occurs, what purpose it serves within a particular solutmn aUmpt. and what 
outcomes are likely when subjects reason in this fashion. 

As with the analysis of final episodes, we identify specific episode.s within snhjecu* 
solution attempts where model based reasoning occurs. Wo also extract the prece<!ing 
problem-solving episode in the hopes of identifying enabling conditions for model based 
reasoning. Since some subjecu* only useof model based reasoning ocfiirsduring their first 
scored episode, they will have no preceding episode. 

(Insert Table 6 about here.) 
42 
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Precursor. to mod.l-b«*<I r*Mo„i„g. A fi,., task fo, describing the roleofmodel- 
b»ed ,e«oni„g i„ .ubject.' «>lu,io„ altecp,. i, ,„ determine their re«o„, for using thi. 
method. W. will contr«t the correctnees «d tr^.ition out of »n immediately preceding 
epi^Hle with the purpo« („ we have rated it) for using model-ba«d reawning. 

Table 6 .how, the number of .ubj«t. ,ho use modeI-ba«d rea«.„ing for «,me purpose 
(scored a. con.prehen.ion. «,|utio„ attempt, or verification) .ubsequent to various condi- 
tio«. i. the preceding episode. A .ubject may either have no preceding episode, have a 
preceding epi»de without errors, or ha-e a preceding epi«Kle with one or more .cored 
error. (i.e.. ^ error of commi«.ioi,. omiwion. or manipulation from which the subject doe. 
not recover in that episode). 

. Rom 26.3% (5 of 19 on AfRf) ,o 70.0% (21 of 30 on HT) of model-based reasoning 
epiMde. occur as the first episode in a «Jution attempt. 

. Of these initial .-nodcl-hased episode, the majority (except for problem MRT) »re 
undertaken fo, the apparent purpose of comprehending «>me aspect of the presented 
problem. The remaining initial episodes are scored as solution attempts. 

Fo, subjecu having a preceding epi«>de. their transition out of this epi«Hle is scored a, 
achieving a subgoal. finding a solution. re«hing an impasse, or deciding they are wrong. Of 
the model-based rea«>ning episodes following an error-free episode, there are two essentially 
different conditions. In the first, a subject's preceding episode ends with achieving a subgoal 
or finding a «,lution. This subject could be considered "on track" in her solution attempt. 
In the second condition, subjects "abandon" the preceding episode after reaching an impasse 
(al.«. after getting lost, a, described eMlier)or deciding that their efforts are wroog. These 
subject, are technically on track since their preceding episodes are free of errors, but they 
encounter sufficient difficulty that they abandon a previous line of reasoning in favor of 
model' based reasoning 
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. Amost all subjects who are -o.. track" in a preccling episode cither atte t asolution 

or continue attempts at comprehension during the model based reasoniog en-sod-. 

. Only a few subjects are "on track" and undertake model ba^ed reasoning f„r the 
purpose of verification. On problem tfC these verification ep.so.le, f„||„w fi„,|i„R » 
solution; the single verification attempt on pr.>l>lem HT comes from a si.hjoci who 
verifies a recalled formula using a »impllfiratioii of the original problem. 

. Subjects -abandon" (l.e., lost, impasse or w,„„g) a prior, error free episode infre 
quently and subsequently use model-based rea.soning for comprehension „, to attempt 
a solution. 

Model- bt*cd reaaoning episode, following an episode with errors are less frequent than 
iho^ diKu«ed above, but fall into similar categories. Relatively few subject, have preced- 
ing errors, are unaware of those errors, and procee<: as if -on track*' (afh.ev« a suhgoaj «, 
find » solution). Subjects who are aware of their preceding error nearly always deride that 
they are wrong and "abandon" the preceding episode. 

. Among those who -abandon" a preceding episode with errors. subse<,uent model 
baaed reasoning is used either for comprehension or as an attempt to find a solution. 

Although based on a subset oC all »^oiecte studied, these finding8 support an mter- 
pretation in which modehbased reas<,ning plays four basic roles io problem solving: as 
a prtpatniory comprehemion strategy when the model based episode is either the first 
problem-solving activity attempted or follows other comprehension episodes, as a solution 
strategy when subjects feel they are on track, a. ao et.rfenr* gathfrmg strate^j' ^^hen a so- 
lution has bet.n found previously (this is infrequent), or as a rrro.^ry strategy when subjects 
suspect that their comprehension or solution efforts m.y be -off track " These iwterpref 
tions are consistent with our earlier argument that reasoning within the situational context 
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of a problem supports thf gcneratioR of quantitative constraints, can be used directly as a 
solution method, or can be used to verify thai these constraints are appropriate. 
(Insert Table 7 about nere.f 
Effectlvencsi of model-baw^ rewoning. As well as inferring subjects* reasons 
for undertaking modcl-based reasoning, we would like to characterire the effectiveness of 
this reasoning strategy, lb assess efficacy, we examine the occurrence of any error, within 
successive episode*, mie 7 show, the relationship between errors during a preceding 
epiJode (when there !• one) and errors within the modd-bai{ed rer^rjng episode. 

• When model-based reasoning is the subject's first evident activity, as indicated by 
^'Noepisode" in Table 7, errors are not often encountered within that episode. The two 
errors shown for problem Af«r are mis-conceptualizations in which subjects assume 
that round trip times are e<jual. The error in problem HTcomea from a subject who 
assumes that Mary and Jane do e<]uaJ amounts of work. 

• When a previous episode contains errors, the subsequent model-based episode is 
usually error-free. Thus, existing errors may be "repaired** during model-based rea- 
soning. 

• Following an error-free episode, only one subject introduces a new error with model- 
based reasoning by omitting the constraint that distances are equal on problem MRT. 

While these findings are not conclusive, they are «gain consistent with the four hypotheti- 
f al roles for model-based reasoning described in the analysis of final episodes. Preparatory 
comprehension promotes an error-free conceptual! rat ion of the problem situation, enabling 
subjects to correctly assemble the quantitative structure of the problem during later rea- 
soning episodes. Subjects aJso attempt to find solutions directly through model-based 
reasoning, generally without introducing errors. Alternately, after encountering an error 
during previous problem-solving activities, subjects may be able to recover through the 
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of model based reasoning. Finally, nuulel l.asctl rea.M)ning can play a confirmatory role 
when subjects have identified important problem constraints or a possible solution. 

Summary of quantitative findings 

As part of our effort to explore the episodic structure of algebra story problem solv 
ing, this section presents three levels of quantitative analysis: the prevalence of different 
Interpretive categories in subjects* overall ,olutioti aUtmpt$, relations between outcomrs. 
tactlcaJ content, and errors in subjects' finai episode* of problem wiving, and the role and 
eft'ectiveness of modehbattd neajomnff episodes within the wider problem solving context. 
Each successive A of analysis tightens the focus on findings at coarser levels. 

A global view of solution attempts reveals significant non algebraic reasoning as a preva- 
lent and somewhat unexpected constituent of competent problem solving. Most prevaleei 
among these tactics is model-based reasoning. Among observed errors, conceptual omis- 
sion«* or commissions are more frequent than manipulative errors within arithmetic or alge- 
bralc formalisms. An examination of fjnal episodes, the -bottom line"* in a very lean view 
of these problems, corroborates this global imqje of significant non algebraic reasoning on 
non-routine problems. Looking more closely at errors, we find that manipulative errors 
are both less frequent and t«ss damaging than conceptual enors, since subject* are more 
likely to recover from errors of manipulation within the final episode. Finally, we examine 
the episodic structure of model-based reasoning and propose four roles for this tactic: as 
preparatory comprehension, as a solution method, as evidence gathering for a candidate 
solution, or as a recovery method for errors generated earlier in the solution attempt, fheu^ 
quantitative analyses of problem solving agree with out earlier description of the interplay 
be;wecn the quantitative and situational structure of algebra story probleiiK 

DISCUSSION 

Interpreted as a series of problem solving episodes, the written protocols described 
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above pwvid* «, opponunlty to looV within individuj «,lullon »Hen.pt. for evidence of 
.tr»te«i< „d ,pp^h. We h»ve been .ble to loolc «roM . rel.lively l«ge 

«*mpleof mUhemtlicJIy wphl.lic.ted .ubject. ia „ .ft^n ,o dccibe -typical" problera- 
wlving Uhtvior.. In thi. action, we comp^e the retult. of ou, .tudy with other re««ch on 
n..tben,»tic»l problem «,Jving „d dlK«M the implication, of t be« finding, fo, conception, 
of niitbemiticij "knowledge" ud in.traction. 

Competent problem lolving 

Our finding, at. offered „ » preHminary exploration of "competeat- Jgebra .tor, problem 
•ol-^Ing. By chocing the terra competent, we hope to eoatra.t the problem-«>lvlng beh.v 
ior.- we have ob«rved .g.la.t ira^je. of -experti.«" In problem «,Jving a. tbey are often 
portrayed i„ the literature, fbr example. Hia.Uy e, cL (1977) and Mayer e« ol (1984) 
report that experienced problem .olver. u« problem-«,lvlng «hemata to categorlte prob. 
lemi by type «,d then ,epte«nt the« problem. u.lng fimiliar quantitative coaitralnt.. 
While thI. «co«nt correspond, with «me of our protocol., raany .ubJecU in our .ample 
appear to «n,«r»c/ dilution, to Jgebra .tory problem.. lUtber th„ . .mootb execution of 
a highly practiced M, tbe« con.truction. often proceed with «,rae difficulty and Include 
rea«)ning wlvitie. only p.rtly connected to Jgebrale or arithraetic forraaji.m.. 

A. noted earlier, .ubject. in thi. .tudy .bould be ton.idered mathematically «,pbi.. 
Healed. Nonetheleu. judging from tbe varied bjbavior. we have observed, the ajgebr. 
.lory problem, we prewnted to .ubjecU are not routine problem.. On problem. URT^d 
WT, for example, many .ubJect. f.j| to ,e»ch a correct wlutlon. and thoM who do .uc 
ceed often experience coa.iderabIe difficulty. Anajy«, of error, encountered by .ubject. 
when attempting dilution, .uggett that conceptual error, of omiMion and eommiwion .re 
both more prev^ent and more damaging than manipulative „ror. In algebra or arithmetic. 
These result, .upport a model of algebra .tory problem .olving in which problem compre- 
hen.ion and dilution ,re complimentary p,oce««.. Integrating dual reprewntation. of a 



47 



problem at situational „,| ,,ua„titative lev,.|. i« . <™,„| „f c.mM,,„. These 

intern.edi.,y .tmcture. provide a rrpro^-ntatio..., bridge betw.n the text of a problem 
a«d . quantitative «dution. n,a«.ni„g .l.ou, the situational cont.x. ..f a pr..l.|,„. ran 
«rve a. a ju.tification for .«en.b.lng quantitative co«.tr«nt. that ...ny eventually ,„d t„ 
a correct «,|ution. Thu.. . .ul.stanti.1 portion of . .ubjecf. «t.vity i. devo,e.| to ^rH. 
."J an unde,.ta„ding of the problem that i. .nffici^nt for applying ,„„Une ,.f f,.,.nal 
manipul&tlon. 

Despltetheir mathematical b«lgro«nd..perhap. our .ubject. have yet to achieve com. 
Ptleat .igebra .tory problem K,lvlng. well beyond the curricolar setting designed to teach 
.t. Alternately, they may have been "expert." during .nd .hortly .fter .Igebra m.truction 
but With the passage of time have lost the f«ile performance de.non.tr.ted by IIi„.,ey e, 
0^ (1977). Whichever expl.n.tion |. .hosen. the i„ue remain. h«w to characteri.e «. 
lenribly competent problem solving In . popul.tion for whom the .,,ebr. curriculum Is 
designed. Recent studies of m.them.ticj problem «,!vingl„ -p,„,i„-. 
ber. k Sch|lem«n. 1987; Carraher U Schliemann. ,987; .„d de .. Rorh.. I9«6)'pre.ent 
.imilar image, of competent quantit.tive rea«.ning: problem solvers organise their quan 
tilativ. knowledge „ound the demands of the situation.1 context presented by the i^y. 
of.- using tb. problem situ.tion (or knowledge of it) to „.e,..b.e or verify quantit.tive 
constraints. If .n im^e of competent problem solving in this don.aln i. ,„ ,,.for.„ ,„chi.,g 
efforts - i.e., |t is to bav. «.me predictive cap.city „ described i,. „.„„d„t.on of .hi. 
paper - then «tivit!e. like these .re a leg.tim.te topic of .tudy. We return ... i..u« of 
competence .nd accept.ble transitional performance in . mon.ent 

lYan.fer effect! 

A.ide from their u.e « repre.ent.tive problen, solving .Ig.hr. .,„,y p,..,,,,,,,, ^ 
ten serve as materials for studies of .nJogid tr.nsfer. C.ven . t.rget proMe... to ...Ive. 
.ubject. exhibit positive tr.n.fer when they can «.e the «J«lion ...thod fr,.„. . previ 
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ouily encountered source problem lo help solve the target problem. Alternately, subject! 
exhibit negative transfer when they acce« and use the solution from an inappropriately 
related source problem. Studies of analogical transfer with algebra story problems have 
produced mixed results, but show that both positive and negative transfer sometimes oc* 
cur. Positive transfer has been more likely when subjects are alerted to the experimental 
manipulation (Reed. 1987; Reed. Dempster, & Ettinger, 1985) or are high in mathematical 
achievement (Novick. 1987). TVansfer effects related to higher achievement have bee., at- 
iributed to subjects* improved attention to aspects of quantitative structure (Novick. 1987; 
Silver. 1979) and better memory for previous solution methods (Silver, 1981). Negative 
transfer in subjects with lower achievement (Novick. i987) has been attributed to a re- 
liance on inappropriate problem features and an inability to reject misleading analogical 
sources. Finally, Dellaf0ta(1985) has experimentally manipulated subjects* use of analog- 
icaJ and schematic problem comparisons to produce improvements in their categorization 
and solution of related problems. 

In the present study, we did not alert subjects to the comparability of problems, nor 
did we encourage them to look back over their prior solutions as they worked through 
the problems. Their backgrounds insure high mathematical achievement, and entrance 
requirements for academic majors in computer science and engineering preselect for high 
quantitative abilities. There is no performance- level evidence of positiveor negative transfer 
within the problem-solving session, despite our manipulation of p:om*ni structure and 
presentation order to elicit these effects. At the aggregate level, our subjects appear to take 
the -school math** task we present them at face value: each problem, presen'tevi individually 
on a blank sheet of paper, is treated as a self-contained exercise, rather like wh li a student 
might face during examinations in a course on algebra. l!owc-.-cr, cn clc::cr inspection of 
individual protocols and explanatory remarks we 5nd that several subjects give evidence 
for some form of negative transfer. 
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In some cases, transferred material directly violates the quantitative and situational 
structure of the target problem. For example, subject w08 incorrectly attempts to add 
working rates on problem WQ first writing 1/5 ♦ boxes + |/2 . boxe.. = 56. followed by 
7/10*6axej = 56. In explanatory remarks. w08 states that -Phe mistake 1 made was 
that I assumed it was like problem 1 where they work together.*^ In the preceding solution 
to WT. this subject had written "Together = 1/5 + 1/4 in one hour = 9/20- and then 
correcUy divided one job by the combined rate. Adding working rates in problem WT\$ 
justified since Mary and Jane work together at the same time. However, situational and 
quantitative relations are exactly reversed in problem lvC(.ee Figures 6 and 2(1,)). .Since 
times are added together {adjacent) and work is performed on the same boxes {rongruentU 
the addition of working rates (i.e., output over time) cannot be similarly justified. 

In other cases, subjects recognize an appropriate source problem . but then fail lo transfer 
information at the correct |ev-J of abstraction. For example, on problem MOD subject 
wOl correctly attempts to add motion rates, but uses an algebraic expression of the form: 
1/60+ 1/100 = ,/880. On the previous ( 1V7) problem, the subject manages a correct 
solution using an expression of the form. 1/5 + 1/4 = I/x. and remarks that this "... is a 
formula used to find a total of time they work together.*^ Although the addition of rates 
can be justified in both problems, it appears that the rate form in the retrieve<l formula 
is reversed (i.e.. time over output) when used in a solution attempt on the MOP problem. 
Thus in a situation where we anticipate that the subject will benefit by transfer of a solution 
approach, their failure to justify transferred material actually produces a negative effect. 

It may be that the problem-solving context, completing a test booklet in a proctored 
examination setting, as well as our decision not to alert subjects to the comparability of 
problems, prevented them from recognizing and elaborating effective analogical comparisons 
between problems. In more detailed verbal protocol studies where subjects arc encouraged 
to make problem comparisons (Hall. 1987. 1988). attempts at analogical inferences between 
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ligebra story problems «e quite common. These comparisons are .isuaJly lengthy and 
can introduce misconceptions, but aJso frequently lead to fruitful explorations of problem 
tlruclure. both quantitative ^.d situational. In addition, comparisons need not encompass 
the entire problem .uucture. but often instead make effective use of relevant substructural 
tmWztliies. These alternative finding, are largely consistent with other verbal protocol 
Bludie. of learning from worked «amplei (Pin^i U Anderson. I985j Singley. 1986; Chi. 
Bassok. lewis. Rdman. & Glaser. 1987). and suggest thai analogical comparison may be 
a common problem-solving and learning strategy in settings where subjecU have some 
conUo! over their work. 

Model-based reasoning 

We an? not the only researchers to note the prevalence of mode|.ba*.d reasoning during 
mathematical problem solving. A number of psydnrfogical studies have found similar ev^ 
idence, although interpretation, of this activity vary. Paige & Simon (1966). comparing 
human protocols with Bobrow's (1964) computational modd of translating algebra story 
problems Into equations, found that subjecU with varied mathematical backgrounds used 
-auxiliary representations^ of the physical setting of a problem. These representations 
allowed some subjecU to detect impossible problems or to assemble relevant quantitative 
constraints (eg., addiiivity in part-whole relations). Using verbal protocols to study the 
prevalence of Pclya^s (1945) heuristics for mathematical problem «>|ving. Kilpatrick (1967) 
reported ihat60%oran above-average group of eighth graders uku "successive approxima- 
lion" while attempting to solve word problems. These trial-and-error approaches were often 
successful and were sometimes combined effectively with more deductive «|ution strate- 
gies. Sili-2r (1979) found similar successful approximation strategies in students who had 
yet to receive formal algebfaic training. Studying geometry problems. Schoenfeld (1985) 
found that students used a trial-and-error approach to generate hypotheses about geomet- 
ric relations and then evaluated these hypotheses by physical construction. Ifc argued that 
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these exploratory episodes of **naive 4'inpirirism** were usually p<Kirly organized and often 
interfered with forms of deductive verification that students knew how tc uwr. Finally. 
Kintsch & Greeno (1985) described a process model of solving arithmetic word problems 
in which quantitative strategies were triggered by information con(ainp<l in a Vituation 
model" of the problem. The situation model was constructed durmg lext comprehension 
and contained a set-based representation of typed quantities and their interrelationships 
(e.g., part-whole). Follow-on studies (Kintsch. 1986) have shown that the constriiclion of 
a situation mode! is important for recall, inference, and learning from text. 

Looking over this evidence, we Rnd that studies of mathematical problem solving con- 
sistently encounter acrivities similar to what we call model- based reasoning: subjects con. 
struct some form of situation model, take inferences within the model to help comprehend 
and sometimes to solve a quantitative problem, and use the model in a supportive role for 
assembling or verifying quanritative constraints. Beyond model based reasnning in math- 
ematical problem solving, similar evidence is available across a wide range of cognitive 
acrivities. For example. Johnson-l>a3rd (1983) argues for a model driven acc of syllo 
gistic reasoning that underiies cons iiion -sense inference. Given a pair of prem * . like. All 
the artists are beekeepers/All tht Utkeepers are chemists, Johnson Laird's subjects appear 
to build succettively more elaborate models of the situation described by the premises when 
searching for valid inferences. The validity of each inference, rather than being logically 
deduced by sound rules of inference, is evaluated with respect to these concrete models 
of the premises. Errors occur when subjects are unable to build sufficient models of the 
premises and thus overlook or fail to eliminate various inferences. Relatively concrete forms 
of reasoning outside traditional (i.e.. schooled) formalisms have also been observed for de- 
cision making under uncertainly (Tversky Ic Kahneman. 1974), various forrn^ of statisrical 
reasoning (Nisbett, Fong. l^ehman, & Cheng. 1987). and explanations of physical processes 
(Clement, 1983; McCloskey, 1983). 
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In fiene»K these studies raise questions about the relationship betweeo what students 
bring to an educational setting i.e.. thdr -preconception." about a subject matter - 
and materials that the curriculum explicitly presents. In the domain of mathematical prob- 
lem solving, students' -preconceptions* and associated activities are often pushed to the 
background oflegitimate practice and inquiry. At best they are -auxiliary" to quantitative 
reasoning, while at worst they interfere with preferred problem -solving activities and pro- 
duce *lost opportunities, unfocused work, and wasted effort" (SchoenfelJ. 1985. p. 308). 
In thdr stead, the manipulation of symbolic representations of quantity, quite apart from 
the siiaations that give rise to these quantities, is held in the foreground. Our findings 
on model-based reasoning, in concert with other studies reviewed brieBy above, suggest 
that this foreground/background conception of quantitative problem wiving may need to 
be reconsidered. 

In our sample of -compelcnP subjecU, a routine problem U one in which the use of 
familiar algebraic operations will provide a prrcue value for an unknown entity. This is 
the power of the algebraic formalism: it is perfectly general, sound, and often simple to 
apply. However, quantitative precision is of little value when the subject is uncertain about 
the problem's structure. Our characterization of o-zerall episodic activity, the frequency 
and consequence of conceptual versus manipul itive errors during those episodes, and the 
role of model-based reasoning show that routi ie activities within the algebraic formalism 
make up only a portion of competent problem-solving. For many of our subjects, algebra 
story problems are not routine exercises. Insteul. much of their problem-solving activity is 
devoted to assembliog a sensible set of constraxts on a desired quantity, an effort that uu- 
covers the problem's structure. When algebraic conslrainU are unclear, subjects sometimes 
attempt solutions using model-bated reasoning (e.g.. Figure 8), a tactic that approximates 
a certain value for an unknown zzMif. The value is certain when quantitative constraints 
that determine iu derivation are grounded in a representation of problem structure that is 
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familiar to the subjoct. 

The strategic significance of this activity is consistent with varying explanations. On 
one hand, enacting a set of physical constrai. ay provide otherwise skilled quaniitative 
problem solvers with an efficient means of estimating quantitative solutions. Under this 
interpretation, the model based episode shown in Figure « may result simply from tht 
subject»s preference for repeated additions over a more complicated d.^isijn. Wilki-ning 
(1981) makes a similar argument when interpreting results of a developmer.tal study on the 
relationship between velocity, time, and distance. In contrast, we argue that episodes of 
model-based reasoning serve as problem solving strategies in their own right, and are ut«J 
when more "*^r>jrmal" activities (e.g.. algebraic substitution) are unreachable given the cur 
rent problem representation. Under this interpretation, the subject in Hgure 8 undi^rtakes 
model-based reasoning because her representation of the problem ca^inot justify a diviiion 
of the total distance by a combined rate. Enacting motion and time constraints over sue 
cessive hours of travel m^es the quantitative structure of the problem more certain. The 
results of model-based reasoning support a conceptualization of quantitative constraints 
in which the total distance can be divided by a combined rate to give a precise account 
of the elapsed time. Rirther constraints are introduced by establishing that the correct 
quantitative solution falls between the fifth and sixth hours of travel. 

Interpreting model-based reasoning as an alignment of certain and precise represen- 
tations of problem structure leads to deeper questions about a competent understanding 
of mathematical concepts, in this case related linear functions. One point of view takes 
mathematical concepts as objects of knowledge in and of themselves, quite apart from their 
physical embodiment in a situational context. Hence the story in an algebra story problem 
serves only as a vehicle for carrying a mathematical structure. An alternative point of view 
taes mathematical concepts as tools for modeling physical situati- j, m this case related 
motion or work events as presented tn problem texts. 1 he question is how far vehicles 
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travel o, how long it will take to complete a job. m»lhem»iif.l coarepl. «r,e u 
tonxtimet-uttful tool* for *n.w«ing thete quationi. 

We tutpMt that these poinU of view are not incompatible. In fact, the latter view 
may provide a« education^ bridge to mathematical concepU a. «lf-contain*l «„,rce. of 
knowledge. That is, a competent mathemaUcJ cooception of related linear function, is 
tascd on and eztenrfrf through a phy«cal «nd.r.t«,diag of the «tuational context that 
the ".lory" of appfirf p,obIem p,«enU. An activity like iterative .imulation "join." 
concrete incline,, allowing the .abject to .«cce«ivel, con.truct a .y.tematic rel.tion.hip 
between rate, and providing aa introduction to related linear function, that can be directly 
.upported within a familiu context. Over time, the mathematics concept reflect, a hi.tory 
of uMa. a tool for modeling phyucal dtuation.. The concept of rate change, aa iu modding 
role i. extended over a wider range of ntuatioaal contexU. perhap. leading to heuri.tic 
estimate, or algebraic coa.truction. b.«d on -«Jiag" iadine. u invariant relations. The 
result could eventually resemble a relativdy context-fre* mathematical abstraction. Of 
course, this account of the acq»i.ition of mathematical concept, i. highly .peculative and 
.ot a focu. of our .tudy. However, judging from the problen-«Jving behavior observed 
in thi. study, even ostenribly -competent" mathematics problem «4«r. continue Ic base 
their quantiUtive efforts within the situational context of presented problems. 

Educational implications 

WV have interpreted the rdative prevalence and consequence of conceptuJ versus manipula. 
tive errors a. evidep.ce :hat subjecU have difHculty i. assembling the quantitative structure 
of algebra story problems, long after they have mastered the Jgebraic formalism. Likewi«, 
the prevalence ynd function J role of model-based rea«,ning are interpreted u evidence 
that even mathematicallynophisticated problem solvers explore the situational context of 
these problems in an attempt to construct or repair a rqjretentation that v.,\\ .„,,,o,t a 
solution. Based on these finding, and their interpretation, we examine several in.plication. 
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for teaching mathematical problem wiving. 

The primacy of conceptual error, and u«! of model based rea«,»ing, in some case, to 
recover from the«, errors, suggest that instruction based solely within the mathematical 
formalism may be inadequate for solving non-routine problems. Textb,x,k instruction i„ 
algebra story problem «>lving typically addresses thi. .Mue by providing «,me suggestions 
for "... translating from words to appropriate algebraic forms" (Kolman b Shapiro. I9SI. p. 
64). These range from direct tr«i.Iation rules taking textuj phrases into equations (eg., 
rewrite "twice" as 2x) to the construction of tables that organize quantitative entities and 
their interrelationship. «ound known formulas. The desired result is a set of simultaneous 
linear equation, amenable to algebraic operations. While these suggestion, provide a sort 
of organisational strategy for the student's problem -solving activity, they fall well short 
of .pecifying how quantitative relation., particularly those that are only implied by the 
problem text, can be identified. „ranged as entries in a table, or effectively used. Instead, 
the result, of our .tudy point to per.i.tent problem-solving difficulties that the traditional 
algebra curriculum addresses weakly if at alt. 

How might these components of competent problem solving be taught more effectively? 
We argue that the situation J context of an Jgebra story problem, and in particular ,he 
correspondence between situational relation, and quantitative con.traint., should be a le- 
gitimate object of teaching in the algebra curriculum. This is clearly appreciated in other 
problem-solving curricula. For example, consider the utility of force diagram, for solving 
statics problems in physics. Students who ignore or incorrectly con.truct force diagrams 
can be expected to manipulate equations or formulas without visible sign, of progress. 
This is quite similar to Paige & Simon's (1966) finding that "auxiliary representations- 
helped subjects to detect impossible algebra slory problem., sometimes before writing any 
equations at all. Our question, then, is whether there might not be a similar organizing 
representation for algebra slory problem solving? There are some suggestive precedents: 
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Gould k Ftnier (1982) describe «a animilcd compulaiional environment that aliowa itu- 
dents to make guewesi in a one-dimeniional world of ..otion; Greene (1983) describe* an 
effective instructional technique in which students use an electric train set to help calculate 
solutions to compound motion problems. 

As one possibility among many, wc present a representation that draws directly from the 
analysis of situational structure presented earlier and consider under what ctrcumstances 
It could proviee a useful instructional model for constructive problem solving. As with 
any model used in teaching, there we problems of registration: the model may cover some 
aspecu of the target domain well but cover other aspecU poorly. Onr proposal addresses 
relations and operations possible within a rcprcsenUtioo of the situational structure of 
compound algebra story problems, aad the correspondence of these aspects to relations 
and operations powible with a representation of quantitative structure. We expect that in 
combination with a quantitative model ||ke that proposed by Greeno tt oL (1986). their 
joint contribution could prove more effective than either used alone. 

[Insert Figure 15 about here.) 
Figure 15 shows paired graphical representations of situational and quantitative struc 
lure for the A/Hrproblem. At the top of the figure, a dimcmional /mme displays orthogo- 
na] output (in this case» distance) and time dimensions, with entities arranged along those 
dimensions by their respective situational relations: times are cdjcctnt and distances «m- 
9rtttnL At the bottom of the figure, a quantitative network (Shalin & Bee, 1985) shows the 
common distance found by applying motion rates to component times. Eich representa- 
tional device provides a directly accessible illustration for important aspects of competence 
in this problem 'Solving domain. 

In contrast with translation rules or tabular arrangement*, the illuttrjLtive medium 
of dimensional frames provides a spatial abstraction for compound rate problems thai 
promotes a physical justification for essential quantitative constraints. Time »egments 
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add because they are odjactnt within the vertical dimension, while distance Segments are 
equal because they are consruent within the horizontal dimension. As noted in our earlier 
discussion of quantitative structure, substructures corresponding to these constraints must 
be constructed before using the quantitative network to find a solution e.g.. the additive 
triad over time extensives ihat centers the quantitative network in Figure 15. The ability 
to appropriately select and place these quantitative substructures appears to require a 
substantial investment in training time (Greeno ct ci, 1986). We expect (hat a well 
designed illustration' *round the idea of dimensionaV frames could effectiveiy support the 
acquisition and use of a quantitative network illustration 

!n contrast with a set of algebraic equations, quantitative networks provide a spatial 
abstraction for variables and equivalence relations that makes the global slrucHsre of what 
would otherwise be a linear encoding more apparent. Rather than -jj^riting a set of cqua- 
tions with repeated variable names or constants, a notation that can obscure the role of 
quantitative entities and make the applicability of certain algebraic operations diffirull to 
recognire, the quantitative network directly captures thr notion of shared variables or ron- 
stants and multiple ways of reaching a particular unknown. The network provides a visually 
inspectabic form of algebraic calculus, essentially constraint propagation, that may prove 
easier for students to learn than more traditional instructional methods (i.e., algcbrajr op- 
erations on linear equations). Thus, the two illustrative media are collaborative ui thai 
they provide interdependent representational stages intermediate between a problem text 
and a correctly manipulated set of algebraic constraints. 

Returning to Figure 15, we give a more detailed treatment of this collaborative inter- 
dependence. As a compound motion problem, A/flrinvolves two events, each contributing 
entities modeled as segments on output and time dimensions. Across events, segments on 
each dimension are related in a manner that determines thoir quantitative composition. 

*0klMO« (i* prcM) fivM s prftcrtpiire mctliodolotr (or coiiiuvciim tntenchvf ittu$tmUoni ks wdl u 
» P«licii!u iUiutrttioa, ctllcd •RtttMsle Woild • for ike ratio of rtiioiiJ uumhen 

58 



63 



Adjactnt time ffgrnents cw be eompoeed to yield » .Ingle .egment who.e extent aJong the 
vertifaJ dimention corretpondi directly to the value of total time traveled, thui Implying m 
additive relation over extentivet in the quantitative network. Similarly, eon^menlaegment. 
in the diftmnce dimention have an ideutiral extent, implying the iame (and lame-valued) 
extensive in the quantitative network. Within each event, the rate provide. » comparative 
mapping between dimeniioni. m^vieled aa Individual indinei in the figure. Placed at the 
lop or the dimensional frame, walking cover. 3 milea In one hour, and after transformation 
to reflect a common output (difcusaed in a moment), the bus is shown to cover the same 3 
miles In | hours at the bottom of the frame. 

In addition lo sanctioning relations among quaatitatlv« eatitlet. more direct problem- 
•olving inferences using model-based reasoning are also possible within t5»e dimensional 
frame. TVeated as invariant relations across dimensioos. motion inclines can be Valed'' to 
give heuristic estimates of common distance and composed timee. as shown with dashed linn 
in Figure 15. Alternately, treating rates as concrete Msocif.ilons. Jnclines could be -joined" 
together during an iterative simulation of compound motion. In ea'Ji cAse. a model-based 
solution is reached when a common distance is found that precisely requires six hours for 
round trip traversal. Doth forms of model-based solution attempts are consistent with 
observed protocols. For example, subject m31 uses a form of "scaling" to make heuristic 
estimates of 24. 12. and 15 mile* for a comuion distance, cteclting the combined time 
required for each esUmate against the ^vcn six hours. After the third estimate, she notices 
that -each mile takes... § hours" and later uses this constraint to construct an algebraic 
expression in a single unknown, -ft x ^ = 6." In contrast, subject ml 8 uses a form of 
-joining- by choosing 3 miles as a concrete distance segment, determining that the bus takes 
7.5 minutes to cover this diitabce (shown as | hours in Figure 15). and then extending these 
concrete relations in a simulation of successive three-mile return trips. Both subjects alter 
the form in which motion rates are expressed (i.e.. output over time) during their model- 
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based solution attempts, and subject m3l finds a way of ron.hlnlng ratck for a "return trip 
mile." In each case, activities within model ba«d reasoning episodes observed in written 
protocols directly sanction multiplicative relations between rates (intenslves) and timec 
(extensives) shown in the quantitative network of Figure 15. 

An appropriate combination of these representations could be a helpful artifact for in. 
str uction in algebra story problem solving. First, representational choices in the dimenilon^t 
frame can serve a« justifications for more abstract relations or operations in the quantita. 
tive network. As argued above, a justification for adding times within the quantitative 
formalism is that their composed spatial extent is senrible within the situational context 
of the story. As a more complex example, subject m3rf decision to transform and then 
add motion rates in this problem cleverly restructures the dimensional frame to have single 
segments on both time and output din>eniions ^ e.g.. ft hours for each "return trip" mile. 
The corresponding quantitative network would require only three entities: a time extensive 
(6 hours, given) recults from multiplying the combined rate intenrive (ft hours per mile, 
inferred) by an unknown extensive for round trip distance. This is a sensible change in 
repre«ntation only because the time segment given in the -goal state" of the problem is 
presented as a composed whole (i.e.. he was gone for 6 hours" in the text of problem 
and round trip distance segments are €t>ngnienL Thus, representational choice, 
in the dimensional frame provide justification for constructfon of a simplified quantitative 
network. 

Second, problem-solving activity (e.g.. Iterative simulation) within the dimeniiooal 
framework can actually help to recover from prior conceptual errors, for example, con. 
sider a subject who first attempts a solution within the algebraic formalism and omits the 
constraint that distance, are the same (i.e.. the same variable). Finding two simultaneous 
linear equatfons in three variables, this subject reaches an impasse. Choosing model b**ed 
reasoning for the purpose of comprehension in the next episode, the subject immediately 
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f*f« a reprewfntational de<iilon In the Hitlancc diincciion: should po«itionaJly diitinct 
Of ld«nUc*J ipMiaJ B^mcnil be chown? Certainly, the pouibility of an incorrcft choice 
remaJnt, but when making this choice In the aJgebraJc rormaJiim of the prior epi»odc, 
the coawiuencei of an Incorrect repreteatatlonaj deciilon were Im apparest. Correctly 
chooflug congruent diitance tesmentf in the dimenibnaj frame couW allow thi« lubject to 
achieve a solutioQ within the model-bated reaconing episode, or to reiurn .lo the algebraic 
formalifm with a more complete representation. 

In •ummary. chooalng an apt combination of titutvtional and quantitative modeli for 
Inf tr uctionai pnrpoM« it ^ cball^t^s^nK problem. Our tu^^eition for the dimensional frame mm 
an iliuttrative mechanism would require further refinemtnt to achieve effective Integration 
with an algebraic illustration, u diicuMcd above. Noaethdew, we feel this approach is 
Interesting in teverai rctpecU. First, oar proposal is consitieat with an empirical picture of 
episodic problem-solving behavior in mathematically sophiiticated subjects. TVkin,? these 
findings as evidence for competent (if not expert) problem solving, wf are interested in 
supporting what problem solvers actuslly do during their att^wipts to solve son^routine 
problems. Our inttrttctional proposal is based on a cKaracterltatlon of t'iiese attempts and 
an analysis of common problem-solving difliculties. Second, although the solution of a 
pariicttlw class of problems may become routine with practice, the ability to construct an 
algebraic representation will continue lo be important for novel problems or problems that 
have become unfamiliar with the passage of time. Ddng able to construct a representation 
in the algebraic formalism, based on the ww/rein«-pfncra<in^ Inference* we have d«:ribed 
as one role for model-based reasoning, may never become entirely routine. Last, combined 
illustrative media may be of some practical value In ddivericg Instruction on algebra story 
problem solving, whether provided through computer-based Instruction or a traditional 
algebra curriculum. 
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Table 1: RepreMntativ« algebra ttory problems. 
Motion: Opposite direction (^fOD). 

Two trains leave the unie .talion at the same time. They travel in oppoeile directioni. 
One train traveU 60 km/h and the other 100 kni/h. In how many houn will they be 
880 km apart? 

Motion: Round trip {MRT). 

Georsc rode out of town on the but at an average speed of 24 mil« per hour and 
walked ba(k at an average apeed of 3 miles per hour. How f„ did he go if he was gone 
for »ix hours? 

Work: Ibgether absolute ( WT). 

Mary can do a job in 5 hours and Jane can do the job in A hours. If they wotk together, 
how long will it Uke lo do the job? 

Work: C;ompetittve ( WQ. 

lUndy can fill a box with stamped envelopes in 5 minutes. His boss. Jo. can check a 
box of «Uinp«d envelopes In 2 minuies. Randy works filling boxes. When le is done. 
Jo starU cbnkmg his work. How many Uxcs were filled and checked if the entire 
project took 56 minutes? 
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Table 2: Categories for interpreting the purpose, content, errors, and relative status of 
problem ♦solving episodes. 



Strategic purpose 
Comprehension 
Solution attempt 
Verification 

Tactical v-ontent 

Annotation 

Problem elements 
Retrieval of formulas 
Diagram 

Algebra 

Model*based reasoning 

Simulation 

Heuristic 
Ratio 

Whole/part 

Part/whole, part/part 

Proportion 

Scaling 

Unit 

Procedure 



Conceptual content 
Krro 

.ptual errors 
Krrors of commission 
Crrors of omission 
Manipulation errors 
Algebraic errors 
Variable errors 
Arithmetic errors 

Status of episode within sohitioii attempt 
Consi;.tency 
Before 
During 
After 
IVansltion 
Subgoal 
Wrong 
Impasse 
lx)st 

Kinal solution 

)'(tun<l Solution wrong 
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Table 3: Percentage of subjccU with a fcored category during their solution attempts. 



Problem 


MOD 


MRT 


J WT 


WC 


Tactical consent 










Algebra 


82.4 


85.9 


71.8 


63.5 


Model 


30.6 


22.4 


35.3 


47.1 


Ratio 


1 f .0 




ICQ 

15.0 


42.4 


Procedure 


0.0 


1.2 


21.2 


0.0 


Unita 


3.5 


1.2 


1.2 


1.2 


Nr Cations 


7.1 


15.3 


21.2 


29.4 


D'jagram 


69.4 


36.5 


8.2 


9.4 


Stritegic purpoee 










O^nprehension 


84.7 


64.7 


57.6 


60.0 


Solutiotj attempt 


100.0 


100.0 


100.0 


100.0 


VertficAt'oa 


28.2 


20.0 


7.1 


20.0 


Episode transitions 










Solution 


97.6 


75.3 


85.9 


97.6 


Impasse 


9.4 


10.6 


7.1 


4.7 


Lost 


4.7 


21.2 


15.3 


3.5 


Wrong 


16.5 


38.8 


25.9 


16.5 


Errors 










Omission 


7.1 


21.2 


23.5 


11.8 


Commission 


17.6 


49.4 


42.4 


14.1 


Arithmetic 


9.4 


^.7 


3.5 


2.4 


Algebra 


5.9 


8.2 


8.2 


0.0 


Variable 


1.2 


5.9 


14.1 { 


2.4 
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Table 4: Final episodes: percentage correct by subject groupmgs. 



Problem 


MOD 


1 MRT 1 




WC 


Ciroup contrast* 


M < W 


1 M > W 1 


M > W 


M < W ' 


Correct 


89.1 


92.3 


47.8 


56.4 1 


58.7 


64.1 


93.5 


89.7 


Incorrect 


6.5 


7.7 


19.6 


15.4 


28.3 


20.5 


6 5 


.'i.l 


No- solution 
* M CAM kinn 1 


4.3 


0.0 j 


32.G 


28.2 1 


13.0 


15.4 


0.0 


.VI 



- M sees MOD, WT. WC. MRJ\ W sees WT, MOlK MRT, W('\ 
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Tihle 5: Final epiwdei: tactical content and errors uy correcincM. 



Probicm 
Outcome* 



MOD 
C I I I N 



77 



MRT 



44 



15 



N B C 
26 I 52 



WT 



21 



12 



WC 



'flacticaJ content 



Algebra 

Model 

Ratio 

Procedure 

Units 

Not scored 



Krrors 



Conr'^ptual 
Manipulative 



•C = correct; I = incorrect; N = no so'^ution 



16 g 1 27 I to Ij 1 

MJjJ-LlLl 



73 



Table 6; Errors and transuional status of a previous episode compared wul, t|,o puipcsr «f 
a model-based reasoning episode. 



Problem 


Mon 


1 MRT 


ll WT 




we 




n 


26 


19 


30 




7o 




Purpose* 


c 


|s 


V 


1 ^ 


|s 


|v 




I-' 








V 


No preceding 
episode 


7 


1 


0 


I. 


4 


0 




4 


0 


10 


•2 


0 


No errors in 


























preceding episode 


























On track 


3 


9 


0 


0 


6 


0 


2 


2 


1 


To" 


Tf 


Y 


Abandon 


1 


0 


0 




1 


0 


1 ^ 


2 


0 


0 


0 


0 


Errors in preceding 
cpieode 


























On track 


1 


0 


0 




0 






0 


0 


1 




(V 


Abandon 


2 

c _ 


2 


0 




5 


: 


: 


'2 


0 


1 


2 


0 



'C = compreheniion; S = solutiou attempt; V = voriliration. 



74 



78 



Table 7: Errori before »nd during model -bwcd reasoning. 



I'robiom 


MOD 


1 MRT 


1 WT 


1 WC 


n 


26 


1 11> 


30 


40 


Model epitode 


trrort 


None i 


1 Ivrrort 


None 


{ Krrori 


None ; 


1 Effort 


None 


Previous episode 


















No e|Hfiodc 


0 


8 


2 


3 


1 1 


20 


0 


12 


Krror$ 


1 


4 


2 


4 


0 


2 


1 1 


4 


No errors 


0 


13 1 


1 


7 1 


' 0 


7 J 


0 


23 




ERIC 



ditt&ucc 
100 * 5.5 
S50 kiloincterh 



rate 




time 


100 kph 




5,5 hours 



Figure I; A multiplirative relation involving (woextensivcs and a Miiglo itit<MiMVr 
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7fi 




□ 

output 
rale! • (total - tin)e2) 

= rate2 * time2 
(unknown) 
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ERIC 



W (b) 

Co/ZiriMrA Opposite dirrcttou CoUinear 



Distance' Distance 2 Time I*' Tnne2' 

© ® © @ © 




Figure 3- A situational context for motion in opposite directions (a) aiul (!,) s|,«w places 
and segments for output and time, while (c) shows inclines for r.t<^ wh.>n tlu-sc- din.on.ions 
are arranged orthogonally. 
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hgitro 4: Operations based on different interpretations of two-dimensional inclines: (a) 
shows a concrete situation successively "joined" to ^ive ai) iterative simulation of states 
within the problom model; (b) shows an inmiant relation "scaled" to give a heuristic 
estimate of a final stale in the model. 
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880 kilometers ' 880 kllonictrrs 



Figure 5: Solution attempts using model-ba^ed reasoning on problem MOD: (a) -joins- 
successive concrete inclines \n an iterative simulation; (b) Vales" inclines a6 ai. iiivari;*':! 
multiplicative relation in a heuristic estimation. 



KG 



OUTPUT RELATIONS 
Congruent Adjacent 




Figure 6: A matrix of situational contexts for pairs of isomorphic motion and work probl 
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.8G 



® 



0 



® 



Figure 7: Protocol of subject m20 on the WT problem. 
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Two trains leave the same station at the same time, 
directions. One train travel 60 km/h and the other 
hours will they be 880 km apart? 



They travel it> opposite 
iOO km/h. In how many 



® 



1? I 





A 








\suo 























10 0 

- 6. to 
Q 60 



® 



jr. 





© 



Figure 8: Protocol of subject w06 on the MOD problem. 
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ERIC 



George rode out of town on the bua at an average anlNv^ nf « -i i. 

asx « lS-3x 
© a7x = IS 



1 D«c u)ay = 


lb 




1 Round "Tr^p = 


33 





Figure 9: Protocol of subject m39 on the MRT problem. 
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Two trains Ic*ve the a&me jtation at the same time. They travel in opposite 
direction. One tram traveU 60 km/h and the other 100 km/h. In how many 
hours will they be 880 km apart? 



^0 ^ ^^A 



/CO KfT'/h 



® 



J HPS 

I80 km JOO 
5 MR£ 

300 icfir. SOO /f />? 

320 km SSO ^m 



© 



Figure 10: Protocol of subject m03 on the MOD problem. 
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Mary can do a job in 5 hourj and Jane can do the iob in 4 hnn,« 
work together, how long will it take to do the job? ^ 



\ 



© 



® 



1^ -tVj^ <jof<V 4T>^flAfur ^ 



© 



Figure 11: Protocol of subject m32 on the WT problem. 
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George rode out of town on the bus at an average speed of 24 miles per hour 
and walked back at an average spe^d of 3 miles per hour. How fax did he go 
if he was gone for six hours? 




® 



loan^- (5 hours u)l^'(^^i <5 1''^^ - 



24- 



3 T^^^ 



© 



1 t^i^^^ 



Figure 12: Protocol of subject wl7 on the MRT problem. 
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Two traiju iMve the sw^J jtatiorat the slie tiiS7. They travel in oppojite 
directiomi. One ';r«ia travels 60 km/h and the other 100 km/h. In how many 
hour* will ihey oe 880 km apart? ' 

@ ^) - t>^A . Kt- .f V>t t^^Kv, W/ (,(3 ^u,/;, 

fe 'I " ■• /(<TO ^-/u 



© 



2 e 



© 



© 



4.0 



Figure 13: Protocol of subject ml9 on the MOD problem. 
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Mtry eaa do » job !a 3 houn and J»ne can do the Job b i boun 
work tofether, how lonj wilUt UJ» to do the job? ^ 



» — V 



Figure 14: Protocol of subject w23 on the WT problem. 
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? miles 



distance 
(3 / 1) * (6 ^ <2) 

= 3 * <2 

(unknown) 





l^:"L^;^^'MRr'"' """"'""^ ' two^lmenslona. :,an>e and a <,ua„.ita.ive 
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